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Symbols and Abbreviations
BLDC brushless direct current machine
CGS centimetre-gram-second system of units
ČSN Czech technical standard
p.u. per unit

MTPA maximum torque per ampere
PMSM permanent magnet synchronous motor
PMSG permanent magnet synchronous generator
PWM pulse-width modulation

SI international system of units Le Système International d'Unités
TEFC totally enclosed fan cooled motor
THD total harmonic distortion

2p number of poles [-]
2u number of coil sides in a slot [-]
a penetration depth [m]
aν penetration depth of νth harmonic component [m]
a= number of parallel branches of a DC winding [-]
a~ number of parallel branches of an AC winding [-]
A linear current density [A.m-1]
Ai linear current density of inner diameter of an axial machine [A.m-1]
b linear machine width [m]
bb winding bar width [m]
bo slot opening width [m]
bp pole width [m]

bPM permanent magnet width [m]
bps pole shoe width [m]
bs slot width [m]
bt tooth width [m]
B magnetic flux density [T]
B1 fundamental harmonic component of the air gap magnetic flux density [T]
Bav magnetic flux density average value [T]
Bc magnetic flux density for compensation of commutation effect [T]

Bmax maximal flux density of air-gap pulsations [T]
Bp pole magnetic flux density [T]
Bp1 magnitude of magnetic flux density pulsations in stator teeth [T]
Bp2 magnitude of magnetic flux density pulsations in rotor teeth [T]
BPM magnetic flux density in a permanent magnet [T]
Br remanent magnetic flux density of a permanent magnet [T]
Bref reference value of magnetic flux density for determination of iron-core losses [T]
Brms RMS value of the magnetic flux density [T]
Br20 remanent magnetic flux density of a permanent magnet at 20 °C [T]



Bs slot magnetic flux density [T]
Bt tooth magnetic flux density [T]
Bt’ apparent value of tooth magnetic flux density [T]
By yoke magnetic flux density [T]
Bδ air gap magnetic flux density magnitude [T]
Bν νth harmonic component magnetic flux density [T]
c insulation distance between winding overhangs [m]
c denominator of the number of slots per pole and phase expressed as fraction [-]
c relative price (chapters 3.4, 3.5) [p.u.]
C Esson’s factor [VAmin.m-3]
C number of columns of a Tingley schema (chapter 4.4) [-]
C1 armature magnetic field shape factor for cylindrical rotor machine [-]
Cd1 direct axis armature magnetic field shape factor for salient pole rotor machine [-]
CE torque equation Esson’s factor [Nm.m-3]
Cl linear machine Esson’s factor [N.m-2]
Cq1 quadrature axis armature magnetic field shape factor for salient pole machine [-]
d0 diameter of central circle of an involute [m]
D1 armature diameter [m]
D2 diameter of secondary side of a machine [m]
Dc commutator diameter [m]
De machine outer diameter [m]
Di machine inner diameter (shaft diameter) [m]
Ds average diameter of shorting rings [m]
Dy yoke average diameter [m]
f frequency [Hz]
fp magnetic field pulsations frequency [Hz]
fref reference value of frequency for determination of iron-core losses [Hz]
F cooling area of a machine [m2]
F0 no-load magnetomotive force [A]
Fa armature magnetomotive force [A]
Fac compensated armature magnetomotive force [A]
Fan non-compensated armature magnetomotive force [A]
Fb brushes friction force [N]
Fc compensation winding magnetomotive force [A]
Fd direct axis armature magnetomotive force component [A]
Fd1 fundamental harmonic component of direct axis armature magnetomotive force [A]
Ff field winding magnetomotive force [A]
Ffr rated load field winding magnetomotive force [A]
Fi interpole magnetomotive force [A]
Fm magnetomotive force of an m-phase winding [A]
Fm1 magnetomotive force of a single phase [A]

Fm100 armature magnetomotive force at rated magnetic flux density [A]
FPM permanent magnet magnetomotive force [A]
Fq quadrature axis armature magnetomotive force component [A]



Fq1 fundamental harmonic component of quadrature axis armature MMF [A]
Ft magnitude of magnetomotive force of a single coil turn [A]
F1 fundamental harmonic component of a magnetomotive force [A]
Fδ air gap magnetomotive force [A]
h1 height of a slot part with a coil [m]
ho height of a slot opening [m]
hp pole height [m]
hps height of a pole-shoe [m]
hPM permanent magnet height [m]
hs total slot height [m]
ht tooth height [m]
hw wire height [m]
hy yoke height [m]
H magnetic field strength [A.m-1]
Hc permanent magnet coercive magnetic field strength [A.m-1]

Hc20 permanent magnet coercive magnetic field strength at 20 °C [A.m-1]
Hci intrinsic permanent magnet coercive magnetic field strength [A.m-1]
Hcϑ permanent magnet coercive magnetic field strength at rated temperature [A.m-1]
HPM permanent magnet magnetic field strength [A.m-1]
Ht tooth magnetic field strength [A.m-1]
Hta average tooth magnetic field strength [A.m-1]
Hδ air gap magnetic field strength [A.m-1]
i electric current time dependency (chapter 12.2) [A]
i electric current [p.u.]
i insulation distance between brushes [-]
id direct axis component of electric current [p.u.]
iq quadrature axis component of electric current [p.u.]
I electric current RMS value [A]

I0a active component of no-load current [A]
I0r reactive component of no-load current [A]
Ia armature current [A]
Ia current through winding parallel branch [A]
Ib current through brush set [A]
Ic RMS value of current through one conductor [A]
If field winding current [A]
IFe iron-core losses equivalent current [A]
Is total electric current through one slot (RMS value) [A]
It total machine current [A]
J moment of inertia (chapters 3.4 and 3.5) [kg.m2]
J current density [A.m-2]
Jb brushes current density [A.m-2]
Jf field winding current density [A.m-2]
kB magnetic field shape factor [-]
kC Carter’s factor [-]



kCv Carter’s factor for cooling channels [-]
kd stator sheet desaturation factor [-]
kd1 fundamental harmonic component winding distribution factor [-]
kD ratio between outer and inner diameter of the armature [-]
ke eddy currents losses factor [W.kg-1.Hz-2T-2]

kexc iron core excess loss coefficient [W.kg-1.Hz-1,5T-2]
kE electromotive force coefficient [-]
kFe stacking factor [-]
kh iron core hysteresis loss coefficient [W.kg-1.Hz-1T-2]
kI current transformation ratio [-]
km mechanical losses factor [-]
ks surface losses coefficient [-]
ksat magnetic circuit saturation factor [-]
ksk slot skewing factor (chap. 11.2) [-]
kt friction factor [-]
ktt technological factor of teeth iron core losses [-]
kty technological factor of yoke iron core losses [-]
kV voltage transformation ratio [-]
kw1 fundamental harmonic component winding factor [-]
kw1 stator fundamental harmonic component winding factor (chap. 11.2, 11.3) [-]
kw2 rotor fundamental harmonic component winding factor (chap. 11.2, 11.3) [-]
ky yoke magnetomotive force correction factor [-]
ky1 fundamental harmonic component winding pitch factor [-]
kZ impedance transformation ratio [-]

kβ, kβ’ leakage inductance correction factors [-]
kδ coefficient for air gap length choice [-]
kσ interpole leakage coefficient [-]
k~ AC current losses increase coefficient [-]
K number of commutator lamellae, number of winding coils [-]
K1 number of coils in one winding segment [-]
Kf number of winding coils per phase [-]
Kp number of commutator lamellae between consequent brushes of equal potential [-]
l length of the stator stack [m]
l1 length of a stator stack of a known machine [m]
lb brush length [m]
lb winding bar length [m]
lc average coil turn length [m]
lef effective length of a stator stack including radial ventilation channels [m]
lf average length of a field winding coil turn [m]
lFe stator stack iron length [m]
lFep pole iron stack length [m]
li electromagnetic length of the machine in the centre of the air gap [m]
lis length of an iron section [m]
lo length of a winding overhang [m]



lof length of winding overhang offset [m]
lp length of a leakage path between two adjacent poles [m]
lps length of a leakage path between two adjacent pole shoes [m]
lPM permanent magnet length [m]
ls slot length [m]
lsr length of one segment of a shorting ring [m]
lv ventilation channel length (chap. 5.3.4) [m]
lw length of a winding wire [m]
lx lenngth of a stator stack of a scaled machine [m]
ly length of an average yoke flux line [m]

lyred reduced length of an average yoke flux line [m]
L linear machine active length [m]

L1σ stator leakage inductance [H]
L2σ rotor leakage inductance [H]
L2μ squirrel cage magnetizing inductance [H]
Ld direct axis inductance [H]
Ldif differential leakage inductance [H]
Lmax inductance maximal value [H]
Lmin inductance minimal value [H]
Lps length of a pole shoe [m]
Lp pole length [m]
Lq quadrature axis inductance [H]
Ls shorting ring leakage inductance [H]
Lμ magnetizing inductance [H]
Lσ winding leakage inductance [H]
Lσb bar leakage inductance [H]
Lσc coil leakage inductance [H]
Lσs leakage inductance of a slot part of a coil [H]
Lσw wire/conductor leakage inductance [H]
m number of armature winding phases [-]
m machine mass (chap. 3.4, 3.5) [kg]
m’ mathematical number of armature winding phases [-]
m1 number of stator winding phases [-]
m2 number of rotor winding phases [-]
mg mass of a machine group [p.u.]
ms specific machine mass [kg/VA]
mt machine teeth mass [kg]
my machine yoke mass [kg]
mFe machine iron mass [kg]
M machine torque [Nm]
Mi machine inner torque [Nm]
n number of machines in a group (chap. 3.5) [-]
n speed of a machine [ot.min-1]
np number of parallel wires [-]



nPM number of permanent magnets [-]
Nb number of rotor barriers [-]
Nbs number of bushes in a set [-]
Nc number of coil turns [-]
Ncs number of conductors in series [-]
Nf number of field winding coil turns [-]
Ni number of inter pole coil turns [-]
Nr number of rotor poles [-]
Ns number of winding turns in series [-]
Ns1 number of stator winding turns in series [-]
Ns2 number of rotor winding turns in series [-]
o circumference of an involute basic circle [m]
p number of machine pole-pairs [-]
pb brush pressure [Pa]
P machine output power [W]
P2 number of phasors of a rotor winding [-]
Pi inner power of the machine [W]
Pin machine input power [W]
Pr rated power of the machine [W]
q number of slots per pole and phase [-]
q0 numerator of number of slots per pole and phase expressed as fraction [-]
Q number of armature slots [-]
Q1 number of stator slots [-]
Q2 number of rotor slots [-]
Qb number of bars [-]
r radius [m]
ra armature resistance [p.u.]
R number of rows in Tingley’s schema (chap. 4.4) [-]
R electrical resistance [Ω]
R1 stator electrical resistance [Ω]
R2 rotor electrical resistance [Ω]
R1g Görges’ circle radius [A]
Ra armature winding electrical resistance [Ω]
Ra2 electrical resistance of a squirrel cage parallel branch [Ω]
Rb electrical resistance of a winding bar [Ω]
Rc radius of a coil loop [m]
Rf field winding electrical resistance [Ω]
RFe iron core equivalent resistance [Ω]
Rg radius of Görges’ polygon [A]
Rp length of a radius vector in Görges’ polygon [Ω]
Rs electrical resistance of one segment of a shorting ring [Ω]
R~ electrical resistance while leading AC current [Ω]
S machine apparent power [VA]
Sb brush cross-section [m2]



Sb bar cross-section [m2]
Sc number of coil segments of an AC winding [-]
Sf field winding wire cross-section [m2]
Si inner apparent power of a machine [VA]
Sp amount of coil segments per phase of an AC winding [-]
Sps area of pole shoes [m2]
Sr rated apparent power of the machine [VA]
Ss slot cross-section [m2]
Ssr cross-section of a shorting ring [m2]
Sw winding wire cross-section [m2]
Sδ air gap are over one pole pitch [m2]
t time [s]

tFe thickness of iron part of steel sheets [m]
tis insulation thickness [m]
tl lamella pitch [m]
tp pole pitch [m]
tp2 machine secondary part pole pitch [m]
tps pole pitch in number of slots [-]
ts slot pitch [m]
tsh steel sheet thickness [m]
tsk slot skew pitch [m]
ty yoke pole pitch at the level of slot bottom [m]
Tc commutation time [s]
u voltage [p.u.]
u voltage time dependence (chap. 12.2) [V]
ui back EMF time dependence [V]
ui back electromotive force [p.u.]
ur time dependence of a reactive voltage [V]
U voltage RMS value [V]
Ub brushes voltage drop [V]
Uf field winding voltage [V]
Ui back EMF RMS value [V]
Ui1 stator back electromotive force [V]
Ui2 rotor back electromotive force [V]
Ui20 rotor back electromotive force in no-load state [V]
Uic conductor back electromotive force [V]
Uim magnitude of back electromotive force [V]
Ul voltage between consequent lamellas [V]
Un machine rated voltage (phase-to-phase) [V]
Upn rated value of a phase-to-neutral voltage [V]
Ur reactive voltage while commutation [V]
v speed [m.s-1]
vc commutator peripheral speed [m.s-1]
V number of machine conductors [-]



V machine volume (chap. 3.4, 3.5) [m3]
Vc number of conductors in a slot [-]
Vs number of conductors in series [-]
wm magnetic energy density [J/m3]
Wm magnetic energy [J]
Wm1 magnetic energy of a single phase [J]

x dimension of a machine [p.u.]
xd machine direct axis reactance [p.u.]
xq machine quadrature axis reactance [p.u.]
xσ machine leakage reactance [p.u.]
Xaσ machine leakage reactance [Ω]
y coil distance in number of coil sides [-]
y1 coil pitch in number of coil sides [-]
y1s coil pitch in number of slots [-]
y2 coil connection length in number of coil sides [-]
yc commutator pitch in number of commutator lamellas [-]
yp potential pitch on commutator in number of commutator lamellas [-]

α exponent part of frequency in general iron core losses expression (chap. 5.2) [-]
α angle between winding overhangs and axial plane [rad]
α resistance thermal coefficient [K-1]
α2 angle between phasors in star of slots [rad]
αm mechanical pole cover coefficient [-]

αmech mechanical angle between following bars [-]
αo angle between winding overhangs and front plane of the stator stack [rad]
αδ electromagnetic pole coverage factor [-]
αν ν-th harmonic component electromagnetic pole coverage factor [-]
β coil pitch shortening factor [-]
β exponent part of flux density in general iron core losses expression (chap. 5.2) [-]
γ electrical conductivity [S/m]
γ magnetic flux coefficient for evaluation of Carter’s factor [-]
δ mechanical air gap length [m]
δ‘ electromagnetic air gap length [m]
δ“ saturated electromagnetic air gap length [m]
δi interpole air gap length [m]

δmax mechanical air gap length at the edges of the pole-shoes [m]
δmin minimal mechanical air gap length [m]
Δ transformation factor between bars and shorting rings [-]
Δp relative machine losses [W/kg]
Δpe eddy current iron core loss coefficient [W/kg]
ΔpFe iron core loss coefficient [W/kg]
Δph hysteresis iron core loss coefficient [W/kg]
Δpref iron core loss coefficient for reference values of frequency and flux density [W/kg]
Δpt teeth iron core loss coefficient [W/kg]



Δpy yoke iron core loss coefficient [W/kg]
ΔP total machine losses [W]

ΔPadd additional losses [W]
ΔPb brush winding I2R (Joule) losses [W]
ΔPbf brushes friction losses [W]
ΔPf field winding I2R (Joule) losses [W]
ΔPFe iron core losses [W]
ΔPj I2R (Joule) losses [W]
ΔPp magnetic flux density pulsation losses [W]

ΔPPWM pulse-width modulation feeding losses [W]
ΔPs surface losses [W]
ΔPsin sine wave feeding losses [W]
ΔPt teeth iron core losses [W]
ΔPy yoke iron core losses [W]
Δϑ temperature rise [K]
ε electrical slot skew angle [rad]
ε operator choosing winding type while calculation [-]
ε switching angle (chap. 12.2) [rad]
ζ proportional penetration depth [-]
ζν ν-th harmonic proportional penetration depth [-]
η efficiency [-]
ϑ temperature [°C]
Θ magnetomotive force [A]
Θi interpole magnetomotive force [A]
Θp pole magnetomotive force drop [A]
Θps pole shoes magnetomotive force drop [A]
ΘPM permanent magnet magnetomotive force [A]
Θt tooth magnetomotive force drop [A]
Θy yoke magnetomotive force drop [A]
Θδ air gap magnetomotive force drop [A]
κ1 amount of galvanic independent winding sections of an AC winding [-]
κ2 amount of identical phasors in star of slots [-]
κI current transformation correction factor [-]
λ diameter ratio (chap. 12.3) [-]
λ slimness ratio (chap. 11.1) [-]
λ linear machine wave length (chap. 12.4) [-]
λc commutating coil reluctance factor [-]
λo winding overhangs reluctance factor [-]
λop slot opening reluctance factor [-]
λs slot reluctance factor [-]
λso slot including slot opening reluctance factor [-]
Λ reluctance [H]

Λop reluctance of leakage path between pole overhangs [H]
Λp reluctance of leakage path between poles [H]



Λos reluctance of leakage path between pole-shoes overhangs [H]
Λs reluctance of leakage path between pole-shoes [H]
Λσ reluctance of leakage paths [H]
μ order of spatial harmonic [-]

μPM relative permeability of a permanent magnet [-]
μr relative permeability [-]
μ0 permeability of vacuum [H.m-1]
ν time harmonic component order [-]
ξ angular coordinate [rad]
ξ Hobart factor (chap. 9.3) [H.m-1]
π Ludolphine number [-]
ρ proportional resistance [Ω.m]
φ0 no-load phase shift between voltage and current [rad]
φk short-circuit phase shift between voltage and current [rad]
Φ magnetic flux [Wb]
Φp pole magnetic flux [Wb]

ΦPM permanent magnet magnetic flux [Wb]
Φs slot magnetic flux [Wb]
Φsp slot pitch magnetic flux [Wb]
Φt tooth magnetic flux [Wb]
Φy yoke magnetic flux [Wb]
Φδ air gap magnetic flux [Wb]
Φσ leakage magnetic flux [Wb]
ψ phase shift between back EMF and current [-]
ψ magnetic flux linkage time dependency [Wb]
τdif differential leakage inductance factor [-]
ω mechanical angular speed [rad.s-1]
ω1 power source angular frequency [rad.s-1]
ων mechanical angular speed of ν-th harmonic component [rad.s-1]
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Introduction

Introduction
Dear colleagues,
you have just obtained the lecture notes of Design of electric machines 1, a part of the series of sub-
jects of this name, which is focused on electromagnetic design of rotary electrical machines. Con-
sidering a large number of boundaries to other parts of electrical engineering these notes cannot 
even try to clarify all the problems related to electric machines including their design, thus they are 
focused on the core of the design of electric machines themselves. These boundaries include know-
ledge of the principle of the function of electric machines as introduced in courses of Electrical Ma-
chines and Theory of electrical machines 1 and 2, the knowledge of fundaments of theory of elec-
tromagnetic field and the knowledge of electrical materials used fro electrical machines. The course 
of Design of electric machines 1 is the followed by identically named subject distinguished by num-
ber 2, which introduces specific constructional solutions supplemented by thermal and ventilation 
calculations.

Considering amount of relations to other courses, which introduce theoretical fundaments and de-
rivations of phenomena practically used in Design of electric machines 1, these derivations are not 
included in these lecture notes while only results are presented. In case of included derivations these 
are included especially as a demonstration of approach to solved problem or as an extension of 
earlier obtained knowledge by parts, which do not appear in other subjects or which are hard to find 
in other literature.

From the references point of view the content of these lecture notes uses mainly earlier work of 
doc. Ing. Josef Červený, CSc., who summarized most of findings from other literature and his pro-
fessional life in his two publications named Přehled konstrukce elektrických strojů točivých [1] (in 
Czech only) and Stavba elektrických strojů [2] (in Czech only), which formed first unofficial lecture 
notes to subjects to courses of Design of electrotechnical devices and Design of electric machines 1 
and 2. These fundamental parts were supplemented by calculation methods mentioned in  Berech-
nung elektrischer Maschinen [3] (in German only),  Stavba elektrických strojů [4] (in Czech only) 
and Vinutí elektrických strojů točivých [5] (in Czech only). These, from today’s point of view clas-
sical literature, was further supplemented partly by findings arising from the research performed at 
the faculty of Electrical Engineering and partly from current publications from conferences with fo-
cus on electrical machines. Since current literature often omits theoretical fundaments of certain 
parts of the calculation of electrical machines, it is also suitable to recommend publication from the 
50’s of 20th century as extending literature as it includes deeper analyses of some fundamental prin-
ciples. The list of such publications would include e.g. Teorie elektrických strojů by prof. Bašta [6] 
(in Czech only) or five part  series  of books named  Elektrische Maschinen by Rudolfa Richter, 
which forms the source of many later publications dealing with electric machines which appeared 
on the area of former Czechoslovakia..

The lecture notes of Design of electric machines 1 are divided into two main parts. The first part is 
formed by chapters 1 - 7 which include general design approaches universally valid for any type of 
electrical machine independently on its working principle and topology. In the second part of the 
lecture notes (chapters 8 - 12) these approaches are pplied to certain types of electric machines and 
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they are supplemented by specific parts which are not generally valid for other types of machines or 
their topologies. In other meaning, the first part of the lecture notes may be considered as a list of 
“ingredients” which knowledge is necessary for usage in a “recipe book” formed by second part.

As noted before, it is not practically possible to include the whole problem of the electric machines 
as electromechanical converters in a single publication. From those most known which could not be 
included it is possible to mention the claw pole synchronous machine, shaded-pole induction motor 
or more or less exotic types of machines like Schrage motor. Even though historic distribution of 
these topologies it is a matter of dear reader – electric machine student – to find related resources, in 
printed form in libraries or in electronic form in databases which can can be accessed through our 
university subscription service, as these overcome the possibilities of the course of Design of elec-
tric machines 1.

Even though mentioned limitations I do believe, that these lecture notes will remain your resource 
even after finishing your studies and that they provide you comprehensible explained compact ap-
proach to the design of electric machine. Use in peace.

In Přeštice, 23. 3. 2021 (Czech original)
??. ?. ???? (English translation)

Karel Hruska
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Design of Electric Machines and Related Standards

 1  Design of Electric Machines and Related Standards
As well as other industrial branches, even the design and manufacture of electric machines are 
bound by standards, which state the requirements on their properties, manufacture, usage and func-
tion. These standards have to be considered already during the machine design – whether standards 
related to used materials and their properties (wire cross-sections, properties of uses steel sheets 
etc.) or standards related to final duty of manufactured machines (regimes S#, cooling type, cooling 
medium etc.). All these standards by certain parts affect the final look and construction of the elec-
tric machine, which should be the output of the whole design process.

The technical standards are divided regarding their focus to certain groups which include most of 
information relating to solved problem. Historically the original series of standards in electrical en-
gineering in the Czech Republic is denoted as ČSN 35 0000. This series is nowadays deprecated as 
certain parts are being replaced by newer international standards. However certain standards from 
this series are still valid. The standards of series ČSN 35 000 include general requirements on elec-
tric machines.

Currently the set of standards ČSN 35 0000 is almost completely replaced by series ČSN 60034,  
which numbering is identical with international standards and which includes the requirements and 
properties of industrial rotary electric machines. This set of standards in each part unifies tests of 
electric machines, testing conditions and method of evaluation of the results.  Some of mentioned 
parts still refer the ending series ČSN 35 0000. Furthermore the series ČSN 60 034 includes re-
quirements and method of declaring of protection class of electric machines (IP code),  cooling of 
electric machines (IC code) and construction and mounting arrangement (IM code). With the design 
of the electric machine itself parts including evaluation of insulation system are bound. For the pur-
pose of design of electric machines supplied from power converters the international standard ČSN 
CLC/TS 60034-25 forms an important part, which provides a comprehensive guidelines to design 
and includes notes about properties of machines designed specifically for feeding from power con-
verters.

The set of standards ČSN 60034 is supplemented by a set ČSN 60349. This series of standards deals 
specifically with rotary electric machines designated for electric traction. This series extends the 
ČSN 60034 by specific requirements on tests and specifying e.g. definitions of thermal classes for 
traction environment.

The properties and tests of transformers are located in ČSN 60076.

The materials for electric machines are standardized in several sets of standards on base of the us-
age and composition of the material. For the purpose of the design of the magnetic circuit the cru-
cial standard is ČSN 10106, which includes form and properties of steel sheets used in electrical en-
gineering. This standard provides information about minimal B-H curves, which should be fulfilled 
by certain steel type and information about requirements on steel and insulation thickness (and thus 
lamination fill factor). The designation of steel sheets and losses is also included here.

The winding insulation system properties are then standardized in set ČSN 60085, which provides 
information about thermal evaluation and designation of the insulation system – so called thermal 
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class. Winding wires themselves are (including necessary insulation layers of the wires) unified in 
series ČSN 60317. This set of standards includes both round wires as well as wires of rectangular 
cross-section (including round edges). Depending on type, composition and insulation class the di-
mensions of the wires, insulation thicknesses, resistances and dielectric and mechanical properties 
are standardized here.

In relation to wide usage of permanent magnets the set ČSN 60404 becomes on importance, as it 
deals with magnetic materials. This standard in its part ČSN EN 60404-8-1 specifies magnetically 
hard materials (permanent magnets). It is necessary to note, that this standard uses exclusively the 
SI unit system, while the CGS designation of permanent magnets is relatively common all over the 
world.

Considering the fact that there can be a very specific requirements laid on the design of the electric 
machine, it is not possible to consider the above mentioned list of standard as comprehensive, rather 
as a necessary fundament for the design of the electric machine. As an example an additional re-
quirement on resistance against mechanical shock can serve. This is specified in ČSN 62262 and it 
is denoted by an IK code, which may be shown on the name plate of the machine. Further boundar-
ies may be formed by independent standards of the machine manufacturers.

ESF II project of the University of West Bohemia no. CZ.02.2.69/0.0/0.0/18_056/0013239 18



Power Equation for Rotary Electric Machines

 2  Power Equation for Rotary Electric Machines
The core of the design of the electric machines is so-called power equation. Thus equation describes 
the relation between dimensions of an electric machine and its power or its torque. As shown later 
the relation for the design of a machine is identical whether a direct current machine or alternating 
current machine is being designed.

In terms of the design a lot of variables is being used while the crucial difference between the 
design of an AC or DC machine lies in consideration of RMS values of voltages and currents in 
case of the design of an AC machine. On the other hand in case of a DC machine the average values 
are used. In case of magnetic field variables (magnetic flux density B,  magnetic flux Φ, magneto-
motive force F, or Θ, magnetic field strength H) in both cases maximal values (amplitudes) of these 
variables are being used.

The design is then commonly performed for required power or torque, while both of them is given 
by so-called inner machine power Pi, which is proportional to the back EMF and machine current. 
Let us now compare both AC and DC current from the back EMF point of view.

Direct Current Machines Alternating Current Machines

The voltage induced into a single winding turn 
is defined as

U ic=Bav l v . (2.1)

To obtain average value of the voltage, it is also 
necessary to consider the average value of the 
air gap magnetic flux density, i.e.

Bav=
1
t p
∫
t p

B(ξ)d ξ . (2.2)

The  average  value  is  then  an  integral  of  a 
flattened  curve  of  the  air  gap  magnetic  flux 
density with magnitude of Bδ over one pole pitch 
tp.  This integral then corresponds with hatched 
area in Fig. 2.1 and it is proportional to the pole 
shoe width bps.

The voltage induced into a single winding turn is 
defined as

ui=−
dΦ
dt

. (2.3)

Let us now consider a purely sine-wave shaped 
magnetic flux time dependency

Φ(t )=Φcosω1 t . (2.4)

The magnitude of the total magnetic flux in the 
air gap must be then derived from the average 
value of the air gap magnetic flux density. Con-
sidering harmonic layout of the Bδ, it is

Bav=
1
t p
∫
t p

Bδ sin
π

t p

ξd ξ=
2
π

Bδ . (2.5)
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Fig. 2.1: DC Machine Air Gap
Magnetic Flux Density

Fig. 2.2: AC Machine Air Gap
Magnetic Flux Density

For the purpose of determination of the average 
value of the air  gap magnetic flux density the 
pole coverage factor αδ is defined as

αδ=
bps

t p

, (2.6)

which allows determination of the average value 
of the air gap magnetic flux density as

Bav=αδBδ . (2.7)

The speed of the movement of a conductor of a 
DC machine is then

v=ω r=
ω1

p
r , (2.8)

where r is  the  armature  radius  given  by
 its diameter D1,

ω is  mechanical  angular  speed,
ω1 is the electrical angular frequency

in winding conductors
and p is  the  number  of  machine  pole

pairs.

The relation (2.8) may be then modified to

v=
2π f

p
⋅

D1

2
=
πD1

p
f , (2.9)

where the ratio of armature circumference and 
the  amount  of  pole-pairs  is  equal  to  two pole 
pitches, thus we obtain

v=2 t p f . (2.10)

After insertion to (2.1) the result is

If  we  compare  the  result  of  the  relation  (2.5) 
with (2.7) for DC machines,  it  is  obvious that 
even for AC machines an electromagnetic pole 
coverage  factor  may  be  introduced  and  it  is 
equal to αδ = 2/π.
The  magnitude  of  air  gap  magnetic  flux  of 
an AC machine is then

Φ=∫
S δ

Bav dS =

=∫
t p

∫
l

αδBδdl d ξ=αδBδt pl
(2.13)

By derivation of (2.4) we obtain

ui=−
d
dt

(Φcosω1t )=ω1Φ sinω1t , (2.14)

thus a harmonic voltage curve with a magnitude 
of

U im=ω1Φ=2π f Φ . (2.15)

Its RMS value is then

U i=
2π

√2
Φ f . (2.16)

For a winding with Ns winding turns in series 
and winding factor kw1 we obtain the final rela-
tion

U i=
2π

√2
N s kw 1Φ f , (2.17)

which is often simplified to a form

U i=4,44 N s k w1Φ f . (2.18)
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Power Equation for Rotary Electric Machines

U iv=αδB δ l2 t p f=2Φ f . (2.11)

But,  the  winding  is  composed  of  Ns winding 
turns  in  series  which  are  affected  by  winding 
pitch factor  ky1 and each coil turn is formed by 
two coil sides – wires – in series. In case of a  
DC machine the back EMF relation is

U i=4 N s k y 1Φ f . (2.12)

If we compare both results of back EMF calculation, we obtain (presuming identical amount of 
winding turns in series, winding factors, frequency and magnetic flux) following

U iAC

U iDC

=

2π

√2
N s kw 1Φ f

4 N s k y 1Φ f
=

π

2√2
=kB . (2.19)

This result is often call magnetic field shape factor. Using this facto it is possible to write the back 
EMF relation generally as

U i=4k B N s kw 1Φ f , (2.20)

whereas depending on type of the machine the value of kB = 1 corresponds with DC machines and 
kB = 1.11 corresponds with AC machines.

The magnetic field shape factor is then defined as a ratio between RMS and average value of the air 
gap magnetic flux density i.e.

k B=
B rms

Bav

. (2.21)

The electromagnetic pole coverage factor αδ gives the ratio between average value of the air gap 
magnetic flux density and its amplitude, thus it is defined as

αδ=
Bav

Bδ

. (2.22)

In case of direct current machines, permanent magnet machines and electrically excited synchron-
ous machines an additional mechanical pole coverage factor αm appears. There is a relation between 
both pole coverage factors (electromagnetic and mechanical), while their value is relatively close 
and in some literature they are not  distinguished.  The mechanical  pole  coverage factor  is  then 
defined as

αm=
bps

t p

(2.23)

and in value the αδ is close to αm whereas αm is greater than αδ. For an ideal sine wave shape of the 
air gap magnetic flux density it is valid that the values of both factors are

αδ=
2
π
∧kB=

π

2√2
, (2.24)
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whereas for fundamental 
iteration of the design of 
the  machine  it  is  pos-
sible to use these values. 
In dependence on shape 
of the pole shoes or per-
manent  magnets  (DC 
machines,  synchronous 
machines,  permanent 
magnet  machines)  and 
saturation (induction 
machines) the values of these coefficients differ, whereas αδ increases and kB slightly drops.

The power of the machine may be then defined on base of its inner power Pi.  In case of DC ma-
chines this power corresponds with real power whereas in case of AC machines it is physically in-
ner apparent power Si.

Direct Current Machines Alternating Current Machines

Inner power of the machine is
Pi=U i I , (2.25)

thus after substitution of back EMF

Pi=4 N s k y 1Φ f I . (2.26)

Now  let  us  introduce  linear  current  density 
defined by

A=
∑ I

πD1

, (2.27)

whereas the sum of machine currents is given by 
the amount of machine conductors V multiplied 
by current through these conductors Ic. From the 
amount  of  the  winding  turns  in  series  and 
amount of winding parallel branches a= we get

A=
V I c

πD1

=

2 N s a=
I

a=

πD1

=
2 N s I

πD 1

. (2.28)

Thus the machine current is

I=
πD1 A

2 N s

. (2.29)

The inner power of the machine is after substitu-
tion

The  inner  apparent  power  of  an m-phase  ma-
chine is

S i=mU i I , (2.31)

which gives after substitution by back EMF

S i=m4 kB N sk v1Φ f I . (2.32)

Identically as in case of the direct current ma-
chines we can introduce the linear current dens-
ity of an m-phase machine as

A=

2m N sa~
I

a~

πD1

=
2m N s I

πD1

, (2.33)

and the current through the machine is then

I=
πD1 A

2m N s

. (2.34)

The inner apparent power of an AC machine res-
ults

S i=m 4 kB N s k v1Φ f
πD1 A

2 m N s

(2.35)

which is after modification

S i=2π A k v1 k B D1Φ f . (2.36)
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Pi=4 N s k y 1Φ f
πD1 A

2 N s

=2π A k y D 1Φ f

(2.30)

In both cases we can replace the magnetic flux by
Φ=αδBδ t p l , (2.37)

frequency by

f=
pn
60

(2.38)

and pole pitch by

t p=
πD1

2 p
. (2.39)

For a DC machine the inner power results

Pi=2παδBδ A k y 1 D1

πD1

2 p
l

pn
60

, (2.40)

which is after modification

Pi=
π

2

60
αδBδ A k y 1 D1

2l n . (2.41)

Now we can recognize the Esson’s factor of DC 
machines

C= π
2

60
αδBδ A k y1 , (2.42)

while  obtaining  the  final  form  of  the  power 
equation

Pi=C D1
2 ln . (2.43)

In case of AC machine the result is

S i=2παδBδ A kv 1 kB

πD1

2 p
l D 1

pn
60

, (2.44)

which gives

S i=
π

2

60
αδBδ A k v1 k B D1

2 ln . (2.45)

The constants  then give the Esson’s factor  for 
AC machines

C= π
2

60
αδBδ A kv 1 kB (2.46)

and we obtain identical form of the power equa-
tion as for the DC machines

S i=C D1
2 l n . (2.47)

If we compare Esson’s factor as derived for DC and AC machines, then for identical values of air 
gap magnetic flux densities, linear current densities the only differences are formed only by coeffi-
cients αδ, ky1 resp. kw1 a kB. Based on differences in construction of each type of machine and further 
consequences it is possible to claim following:

• the electromagnetic pole coverage factor αδ is commonly higher for DC machines than for 
AC machines

• the winding pitch factor ky1 is in any case (except AC windings with amount of slots per pole 
and phase equal to q = 1)  greater than the winding factor kw1,  since the winding factor is 
defined as

kw 1=k y 1 kd1 , (2.48)
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where kd1 is the winding distribution factor, which is not defined for DC windings and for
AC windings with nominator of the amount of slots per pole and phase greater
than one it results always lower than one

• the magnetic field shape factor kB is for DC machines approximately equal to one while for 
AC machines it is approximately 1.11, thus for DC machines it is always lower than for AC 
machines

In the end it is possible to state, that for DC and AC machines the following relation is valid

[αδk y1 ]=≃[αδ kw 1k B ]~ . (2.49)

Thus, both types of machines have in case of identical values of magnetic fields and currents com-
parable electromagnetic usage.

The relation of the inner power from (2.43) or (2.47) to its output power is then given by the elec-
tromotive force factor kE, which gives also the ratio between the back EMF and terminal voltage

k E=
U i

U
. (2.50)

The value of kE is then lower than one for electric motors and larger than one for electric generators.

The values of kE significantly differ according to machine type and it is necessary to determine the 
correct value from equivalent circuit parameters and voltage drops on them. In general, the values 
of kE are close to one, but specific types of machines might have kE significantly different (BLDC 
machines) or the kE might be equal to one (electrically excited synchronous machines; in this case 
the difference in  kE may be compensated by correction of excitation of the machine) or it can be 
used as an undefined variable equal to one (synchronous reluctance machines).

Furthermore on base of the power equation it is possible to derive the torque equation

M i=
Si

ω
=

C D1
2 ln

πn
30

=
30
π

C D1
2 l , (2.51)

where the Esson’s factor for torque equation verges to

CE=
30
π

C=
30
π
⋅π

2

60
αδBδ A kw 1 kB , (2.52)

which results in

CE=
π

2
αδBδ A k v 1k B (2.53)

and the torque equation is then

M i=CE D1
2l . (2.54)

This means, that the volume of the machine is directly bound with the torque of the machine, not 
with its power. Furthermore from both equation it is obvious, that power nor torque of the machine 
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depend on the amount of machine phases. Thus, the increase of amount of machine phases does not 
bring any advantage from the power nor torque point of view.1

If an increase of power of the machine is required it may be achieved either by increase of its  
volume or by increase of its speed. But the increase of the speed is often limited by rotor outer dia-
meter2 which, together with bending of long and thin rotors, forms a certain physical border, over 
which traditional electric machines cannot be manufactured. This border is currently considered to 
be approximately 2 000 MW.

From electromagnetic usage point of view (Esson’s factor) the limits are approximately following:

• the electromagnetic pole coverage factor is given by machine construction and it is always 
lower than 1

• the winding pitch factor ky1/winding factor kw1 is always lower than 1

• the air gap magnetic flux density depends on type and size of the machine and it ranges from 
tenths of Teslas (small DC motors with ferrite magnets) up to values about 1.1 T3 (large in-
duction machines, synchronous generators, rare earth permanent magnet machines)

• the linear current density is extremely variable and it depends on size, type and cooling of 
the machine. E.g. for generators it is common to use

A = 15 – 70 kA/m – for air cooled machines
15 kA/m – small machines with shallow slots
70 kA/m – large machines with deep slots

A ~ 100 kA/m – hydrogen cooled machines
A ~ 200 kA/m – machines cooled with combination water + hydrogen
A ~ 300 kA/m – machines with superconducting winding

The value of linear current density is often being chosen in combination with current density 
J (so-called AJ-criterion expressing thermal load of the machine), whereas the current dens-
ity is commonly taken within period  J = 3 – 15  A/mm2,  where lower values are used for 
poorly cooled machines of lower thermal class and higher values correspond with machines 
with better cooling and higher insulation thermal class.

The dimensions of the machines are often being chosen on base of combination (ratio) of D1/l (so-
called slimness ratio) to achieve optimal length of winding overhangs. The value of D1 then must be 
chosen together with De to achieve standard shaft height. The power of the machine is then being 
tuned by its length, which leads to design of several power sets of machines with identical shaft  
height, where a single machine cross-section is being used for multiple machines of different power 
and thus lengths of the machine.

During the derivation above the D1 was used for armature diameter, i.e. diameter of that part of the 
machine, which is equipped with slots with winding which is used for obtaining electrical power or 

1 It is important to note, that this is true only for machines without special power feeding.
2 For 2p = 2 pole synchronous generators working at 50 or 60 Hz the limiting rotor diameter is approximately 1.2 m.
3 The usage of high magnetic flux densities lead to problems with excitation and saturation of teeth, which could be 

overcome by using slotless windings in combination with superconducting field winding.
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which is being fed by power which is trans-
formed from/to mechanical power. In case of 
synchronous  machines  the  D1 corresponds 
with  inner  diameter  of  the  stator  stack,  in 
case  of  DC  machines  the  D1 dorresponds 
with rotor outer diameter. T means that the 
designation mach change depending on type 
of the machine and its  topology.  The most 
common  layout  of  a  machine  with  outer 
stator and inner rotor is shown in Fig. 2.4, 
whereas De is here the outer diameter of the 
stator stack, D1 is inner diameter of the stator stack (=armature diameter), D2 is outer rotor stack dia-
meter and  Di is the inner diameter of the rotor stack. The length of the stator stack (i.e. without 
winding overhangs) is here for the purpose of simplicity denoted as  l only, although in general it 
may include also several radial cooling ducts.
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The Law of Similarity and Growth

 3  The Law of Similarity and Growth
One of important conclusions of the power equation is that if there is a certain dimension limit, e.g. 
in diameter, it is possible to increase its power only by increase of the length of the machine while 
keeping constant speed. Reversely, in case of requirement of slight lowering of the machine power 
it is possible to use previously mage design and modify only the length of the machine to obtain a 
new machine. This approach brings more than economical advantages – except time savings for cal-
culation of a new design, starting its manufacture from the scratch etc., it is possible on base of pre-
vious experience to predict the properties of a “new” machine.

This principle is generally designated as a law of similarity and growth and it is commonly used for 
a quick estimation of price of a new machine. Based on similarity of dimensions with other manu-
factured machines it is possible to estimate relatively accurately costs for manufacture of a new ma-
chine and to make an initial design with a good accuracy on base of experience with previously de-
signed machines.

According to possibilities and properties of the original design it is possible to focus the design of a 
new machine into three directions, which will guarantee a similarity with previous machines. Since 
the design of electric machines includes many parameters, which may affect the properties of the 
designed machine, let us now consider fixing the values of the fundamental ones – machine speed n, 
number of poles 2p,  air gap magnetic flux density Bδ and magnetic pole coverage factor αδ,  mag-
netic field shape factor kB, winding factor kw1 and electromotive force factor kE. As variable paramet-
ers would remain the armature diameter D1 and its length l. Let us presume replacement of both of 
these dimensions by a single dimension x, which would express the length of an unknown machine 
lx in relation to length of a known machine l1. Expressed in per units the x is:

x=
lx

l1

[ p . u .] (3.1)

From other parameters in the power equation only linear current density A and current density J re-
main variable. Now let us presume following options for design of a new electric machine:

1) constant linear current density A, variable winding current density J

2) constant winding current density J, variable linear current density A

3) as a compromise let us lie A proportional to square root of x (the reason will be explained)

 3.1 Properties of Machines with Identical Linear Current Density A

Using constant linear current density causes fixing of the last variable from Esson’s factor, which is 
now

C= π
2

60
αδBδ A kw 1 kB=const . (3.2)

According to power equation the power of the machine will rise with third power of x, since

S i=C D1
2 l n≃x2 . x=x3 . (3.3)
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The current through one slot of the machine Is is given by the slot pitch ts and linear current density

I s=A t s , (3.4)

where the slot pitch is bound with the diameter of the machine, which is growing with x, hence

t s=
πD1

Q
≃x , (3.5)

thus the slot current is proportional to the multiplication of Ax.

From the current density point of view the slot current may be written as

I s=Ss J , (3.6)

where the slot area is given by the multiplication of its width and depth, thus by the dimensions 
scaled (while having constant amount of slots) together with machine diameter. Its area is then pro-
portional to

Ss=bs hs≃x . x=x2 (3.7)

and the current through a slot is proportionalto Jx2. This leads to relation

Ax≃Jx2 , (3.8)

from which, for constant A, results

J≃
1
x

. (3.9)

Thus with growing dimensions of the machine the current density in winding drops, which may res-
ult in low material usage and thus higher machine weight.

 3.2 Properties of Machines with Equal Winding Current Density J

If the current density J is set as constant through a set of machines, it is possible on base of (3.9) 
write

A≃Jx (3.10)

thus for constant J the linear current density is proportional to

A≃x . (3.11)

Identical proportionality will appear also in Esson’s factor, thus for torque and power we obtain

M≃Si=C D1
2l n≃x . x2 . x≃x4 . (3.12)

In this case the power of the machine will rice with fourth power of the dimensions, however due to 
increasing dimensions of the slot problems with cooling of the winding may appear.
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 3.3 Properties of Machines with Linear Current Density Proportional 
to √x

The dependence of the linear current density on square root of relative dimension of the machine x 
forms a compromise between both previously mentioned solutions. Using identical approach as in 
previous cases, it can be proven, that the Esson’s factor is also proportional to the square root of x, 
thus for torque and power we obtain

M≃Si=C D1
2l n≃√x . x2 . x≃x3,5 . (3.13)

The proposed machine derived from other ones using this approach will combine partially advant-
ages and partially disadvantages of both previous approaches, whereas its suitability may be evalu-
ated on base of comparison of other machine parameters.

 3.4 Comparison of Approaches to Design of Similar Machines

To have an adequate comparison of designed machines it is necessary to move from purely electro-
magnetic parameters also to economical indicators like price of the machine, its specific mass and 
the mass to power ratio, which is currently very  appreciated by the customers. The previous sec-
tions include fundamental considerations for linear current density  A, winding current density  J, 
power and torque of the machine M, P and Esson’s factor C. The mass of the machine is then pro-
portional to the volume of the machine, while having identical materials, the price will grow the 
same way. It is possible to write

m, c≃V≃x3 . (3.14)

The next parameter to be compared is the specific mass of the machine, which is given as a ratio 
between the mass of the machine and its power

ms=
m
S

, (3.15)

whereas the power differs for each of mentioned approaches.

From thermal point of view it is necessary to estimate the total winding losses. They may be simply 
estimated as

Δ P j≃R I2
≃

1
γ
⋅

lw

S s

⋅(J Ss )
2
≃

1
γ
⋅

x

x2⋅J
2 x4
≃J 2 x3 . (3.16)

Also in this case the result will be different for each of mentioned approaches.

The next important component of losses are the iron core losses. They are, in general, proportional 
to the mass of the machine and for constant saturation they do not change. Thus it is possible to 
write

Δ PFe≃Δ pFemFe≃x3 . (3.17)

The total losses may be then simply estimated as an average between winding losses and iron core 
losses and they will be also specific for each of mentioned approaches.

ESF II project of the University of West Bohemia no. CZ.02.2.69/0.0/0.0/18_056/0013239 29



The Law of Similarity and Growth

The efficiency may be evaluated on base of proportional losses, which may be defined as

Δ p=
ΔP
S

. (3.18)

These losses are cooled via outer surface of the machine, which is proportional to the square of the 
linear dimension of the machine

F≃x2 . (3.19)

The temperature rise of the machine may be then considered as a ratio between machine losses ad 
its cooling area

Δϑ=
ΔP
F

. (3.20)

For machines with frequent starts the start-up time forms an important parameter, which may be de-
rived from the torque of the machine

M=J
dω
dt

(3.21)

and have it as a ratio

t=
J
S

, (3.22)

whereas the rotor moment of inertia can be calculated approximately as

J=
1
2

m r2
≃x3. x2

≃x5 , (3.23)

thus the start-up time results

t=
x5

S
. (3.24)

The overview of included results is includes in Tab. 3.1. The more favourable results are denoted by 
bold letters, the less favourable are suppressed by grey text colour. The comparison shows, that the 
design of machines with constant linear current density leads to a set of machines with constant spe-
cific mass and constant temperature rise. This approach leads to production of robust machines with 
well predictable temperature rise and it is often used for traction machines.

On the other hand the design of machines with constant winding current density leads in case of 
design of larger machines to decrease of specific mass, but also to increase of temperature rise. This 
effect may be suppressed by better cooling, however the advantage in decrease of specific mass is 
the main point which leads to usage of this approach mainly in field of traction machines, where the 
mass of the machine is an observed parameter.
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The last approach then forms a kind of 
conservative  average  between  both 
previously  mentioned.  In  none  of 
parameters it can be marked as prefer-
able, but similarly in none of paramet-
ers it  is  disadvantageous.  Because of 
this  result  this  approach  is  preferred 
while designing of sets of small indus-
trial machines. The next advantage can 
be  seen  in  graphical  comparison  of 
growth  of  the  Esson’s  factor  in  de-
pendence of dimension x (Fig. 3.1). As the figure shows, while considering growth of linear current 
density proportionally to √x, the Esson’s factor grows significantly faster than when constant cur-
rent density J is considered.

Variable Mark Relation
Design Approach

A = const. J = const. A = √x

Linear current density A ad hoc const. x √x

Winding current density J (3.8) 1/x const. 1/√x

Power, torque S, M (3.3) x3 x4 x3,5

Esson’s factor C (3.2) const. x √x

Mass, price m, c (3.14) x3 x3 x3

Specific mass ms (3.15) const. 1/x 1/√x

Winding losses ΔPj (3.16) x x3 x2

Iron core losses ΔPFe (3.17) x3 x3 x3

Total losses ΔP --- x2 x3 x2,5

Specific losses Δp (3.18) 1/x 1/x 1/x

Cooling area F (3.19) x2 x2 x2

Temperature rise Δϑ (3.20) const. x √x

Start-up time t (3.24) x2 x x1,5

Tab. 3.1: Comparison of properties of machine sets designed by different approaches

 3.5 Estimation of Weight of a Machine Group, Rise of Weight while 
Increasing Power

As show previous considerations in case of consideration of constant winding current density the 
power of the machine is proportional to the fourth power of its dimensions, thus its dimensions are 
proportional to the fourth root of the power of the machine

x=4
√S . (3.25)

The mass of the machine is proportional to the third power of its dimensions, i.e.
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Fig. 3.1: The dependence of Esson’s factor on linear  
dimension of the machine dimension x
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m≃x3≃( 4
√S )

3
≃

4√S3 . (3.26)

If we had a group of n machines of certain power, their mass would be proportional according to

mg≃n m≃n
4√S3 . (3.27)

But, if we design a single machine of n-times higher power, its size would be

x=
4
√nS (3.28)

and its mass would increase to

m1≃x3≃
4
√(nS )

3 . (3.29)

Comparing both values, the mass of a group of machines rises in comparison to a single machine in  
ratio

k=
m g

m1

=
n

4√S3

4√ (n S )
3
=

n

n
3
4

=n
1
4=

4
√n . (3.30)

This means, that two machines with output power equivalent to a single machine would be 1.19-
times heavier than a single machine. In case of three machines this ratio rises to 1.32 etc. It is obvi-
ous, that from the mass point of view it is advantageous to have a single machine of higher power 
rather than a group of lower powered machines.

Let us now evaluate the efficiency of machines as it depends on their power. Let us presume ma-
chines with ratio of powers

S2

S1

=2 . (3.31)

The ratio of their dimensions will be then

k=
x2

x1

=

4
√S2
4
√S1

=
4√

S2

S1

=
4
√2=1.19 (3.32)

and the rise of the mass is proportional to the third power of their dimensions

m=k 3
=1,193

=1,68 . (3.33)

The losses in both machines are also proportional to the third power of their dimensions, thus while 
considering equation of real and apparent power (P = S) we can compare their efficiencies as

η2

η1

=

2 S1−1 ,68Δ P

2 S1

S1−Δ P

S1

=
S1−0 ,84Δ P

S1−Δ P
, (3.34)

Thus, with the growth of the dimensions and power also the efficiency of the machine increases.
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 4  Winding of Electric Machines
The windings of electric machines belong, together with permanent magnets, to only active parts of 
electric machines, since these are the only parts, which actively generate the magnetic field and/or 
induced voltage. In general any ordered system of conductors serving for generation of magnetic 
field/induced voltage may be named a winding. Based on this definition not only windings of elec-
tric machines, but also coils of chokes, speakers and actuators may be called “windings.”

A fundamental division of winding types may be done to con-
centrated and distributed windings. The concentrated windings 
have all turns concentrated in a volume of a single coil. Such 
a windings have winding factors very close to one and they are 
designed only to achieve required amount  of  coil  turns and 
wire cross-section. Typical examples of this type of windings 
are transformer windings and field windings of synchronous 
AC machines and DC machines.

For correct function of nowadays electric machines the distrib-
uted windings are most important. These windings are placed on the armature and they ensure their 
work as motors or generators. According to the direction of the magnetic flux through air gap, the 
distributed windings for traditional machines with radial magnetic flux direction are called drum 
windings, while  windings of machines with axial direction of the magnetic flux are called disk 
windings. From design point of view both types of windings may be designed using identical meth-
ods while using identical or very similar relations, the main difference is then only the final con-
struction of the winding itself.

In general it may be stated that the distributed windings have in dependence on purpose very vari-
able topology, which may affect their design. In contrast to concentrated windings the properties of 
distributed windings may significantly affect the final behaviour of the machine – torque pulsations, 
noise, back EMF curve etc.
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Fig. 4.1: Field Winding of
a Direct Current Machine

Fig. 4.2: Distributed drum winding (left) and a disk winding (right).  
The red line denotes the coil shape of the disk winding.
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 4.1 Distributed Windings

The fundamental element of distributed windings is a coil. Independently on its  performance the 
fundamental topological parts of the coil can be recognized. These parts involve active parts – “coil  
sides” – and non-active parts – “winding overhangs,” which connect coil sides. The coils may be 
then connected using coil  wire or connection rings which are integrated in winding overhangs. 
From electromagnetic point of view the important parameters of a coil are the amount of the coil 
turns (recognized from total slot current) and the coil pitch. Although both parameters project into 
the electromagnetic design of the machine the coil pitch is used in the design of the winding topo-
logy, which precedes the machine design itself and which may be totally separated from the ma-
chine design (more machines may have identical basic winding topology). On the other hand the 
number of coil turns is specifically bound to a machine design and may not work with other ma-
chines.

In a manufactured machine, the coil sides are commonly laid in slots (with exception of slotless ma-
chines) while winding overhangs are placed outside of the magnetic circuit. In this case the winding 
overhangs create only leakage magnetic flux and they do not affect the magnetic field of the ma-
chine. The induced voltage in the winding overhangs is only minor part of the total back EMF. But, 
there is full current flowing through winding overhangs thus there are losses comparable with slot 
part arising in the winding overhangs. Because of this fact it is suitable to minimize the length of 
the winding overhangs, which may be achieved either by suitable choice of the winding type and its 
coil pitch or by suitable choice of the manufacture technology.

The windings may be further divided on base of several further parameters. According to the coil 
shape they may be divided to lap windings and wave windings and further derivatives of these fun-
damental types. As examples of these derivatives we can mention windings for slotless machines 
like Λ-windings and windings used by Maxon. Both these types are oriented to maximal reduction 
of winding overhangs which are in this case reduced to a bend wire on sides of stator stack. An in-
dependent type of winding is also a tooth winding, which is formed by a coil wound along a single 
tooth and its coil pitch is always equal to a single slot pitch. A comparison of these winding types is 
shown in Fig. 4.4, whereas mentioned types of coils may be also manufactured as asymmetrical or 
the may be combined (e.g. lap and wave winding in Latour winding for DC machines).
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Fig. 4.3: Parts of a winding coil
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The coils are in case of AC windings connected to coil groups. According to used winding techno-
logy it is possible to wind these groups in concentric arrangement or in sequential connection of 
coils. Depending on winding direction of each pole it is possible to classify pole or pole-pair topo-
logy of the winding overhangs. The concentric coil layout is further used also for compensation 
winding of DC machines. Because of protection against bearing currents the pole layout of winding 
overhangs is the only used option in this case.

From constructional point of view it is also important to note, that in case of AC winding design 
only the locations of each coil side are calculated without considering of their connection. Thus, in 
case of AC windings the coils in a group may be connected either in sequential order or in concent-
ric layout without significant impact on the work of the machine. Again, it  is possible to apply 
identical design of the winding on a small machine with concentric winding as well as on a large 
machine with sequential winding.
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Fig. 4.4: Classification of windings according to coil shape

Fig. 4.5: Configuration of coils and winding overhangs
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According to the manufacture techno-
logy it is possible to classify the wind-
ings  to  wound  windings,  inserted 
windings and drop-in windings, whose 
specific  case  are  so-called  hairpin 
windings.  The  wound  windings  are 
most commonly made of round cross-
section  wires,  which  are  stepwise  in-
serted  into  machine  slots.  This  slot 
must be already equipped with slot in-
sert (insulation layer) and in most cases 
the  slot  is  semi-closed. The  inserted 
windings are wound of pre-formed externally prepared coils which are inserted (whole or in parts) 
inserted into slots through slot opening. This means, that in this case the slots must be fully opened. 
In case of drop-in windings the wire (or coil) is inserted axially into the stator stack through the  
whole length of the slot. The slots of such a winding may be then partially or fully closed.

The slot may include a various amount of coil sides. In case of AC windings the most common 
numbers of coil sides in a slot are one or two. In case of DC windings three or more coil sides in a 
slot were historically used to achieve lower voltage between adjacent lamellae while machine com-
mutation.

Regarding the connection of the coils to the commutator in relation to coil shape it is possible to di-
vide the windings to windings with crossed and non-crossed connections. In case of lap windings 
the winding with crossed connections may be easily recognized by crossing of the coil wire near to 
the commutator. In case of wave windings similar crossing appears after a run around the whole 
armature and it can be heavily recognized.
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Fig. 4.6: Classification of winding according to  
manufacture technology

Fig. 4.7: Comparison of commutator connections for crossed and non-crossed windings

wound winding inserted winding hairpin windings

non-crossed windings crossed windings

lap winding wave winding lap winding wave winding



Winding of Electric Machines

According to connection of coils and coil groups it is possible to recognize windings as windings 
with serial, combined parallel and multiple parallel connections. Mathematically this property may 
be expressed by a relation between the amount of parallel winding branches and the amount of ma-
chine poles. If the amount of parallel branches is equal to one, the winding is in serial connection, if  
it is more than one but less than the amount of poles, then it is a combined winding (the connection 
combines serial and parallel parts). In case the number of parallel branches is equal to the amount of 
machine poles, the winding is in parallel connection, in case of higher numbers it is a multiple par-
allel winding.

Based on the coil pitch the windings can be divided to tooth windings (the coil pitch is equal to 
one), shortened pitch windings (the coil pitch is smaller than the pole pitch), full pitch windings (the 
coil pitch is equal to the pole pitch) and extended pitch windings (the coil pitch is longer than pole 
pitch). In case of DC windings the tooth windings are not used while in case of AC machines the 
full pitch windings are not used.

 4.2 Classification and Nomenclature of Winding Components

In the very beginning to the nomenclature and classification of winding components it is necessary 
to note, that the system of the winding nomenclature is generally extremely disunited and even in 
dependency to the geographical origin of different publications it differs. Among differences in no-
menclature of each winding parts (e.g. the pole pitch tp is commonly marked also as τp [5]) these dif-
ferences include also the marking of coil sides (some publications use counting of coil sides, some 
count and mark slots only) or methods used for winding analyses (e.g. the commonly used Tingley’s 
schema used in the Czech Republic is in Germany replaced by section map (der Zonenplan) which 
is basically an unrolled form of Tingley’s schema). What is important is that the final winding de-
signed by any approach must have in all cases identical parameters.  In further chapters a nomen-
clature commonly used in some Czech literature and at the UWB using marking of all coil sides 
will be used. To have a comparison with other approaches see other publications dealing at least 
partly with winding and design of electric machines.

As mentioned before, the fundamental element of the winding is a coil. This is 
schematically  drawn  according  to Fig.  4.8 whereas  the  front  coil  side  is 
marked by its number and (if possible) it is drawn by solid line. The back coil 
sides remain unnumbered and they are drawn by a dashed line. The mentioned 
kind of coil drawing is used in case of all DC windings, in case of AC wind-
ings it is used only in case when it is possible to clearly distinguish winding 
phases by colour.

The convention for coil side numbers says that front coil sides are numbered 
always with odd number whereas back coil sides are numbered by even num-
bers (e.g. in saw schema). In case of a single coil the difference between num-
bers of back and front coil side correspond with coil pitch in number of coil 
sides. The winding pitches calculated that way are not further indexed. If any 
pitch is counted in amount of slots, it is distinguished by letter “s” in its sub-
script. An overview of variables independent on winding type is shown in Tab. 4.1.
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Fig. 4.8: A coil
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variable label units calculation relation

number of slots Q slots chosen

number of poles 2p poles chosen

number of pole-pairs p pole-pairs chosen

number of coil sides in a slot 2u coil sides chosen

number of winding coils4 K coils K=Qu

pole pitch tps slots t ps=
Q

2 p

coil pitch ratio β - chosen

coil pitch y1s slots y1 s=β t ps

coil pitch y1 coil sides
2u=1⇒ y1= y1 s

2u>1⇒ y1=2u y1 s+1

coil length y coil sides y=2 yk
5

coil return y2 coil sides y2=y−y1

Tab. 4.1: Nomenclature of variables independent on winding type

A step before drawing of the winding schema is drawing 
of so-called saw schema.  The saw schema is a simplified 
form of winding schema, but it does not in any way reflect 
the coil shape. It only shows which coil sides belong to a 
coil and to which lamellae and coils is a certain coil con-
nected.  A coil  is  in  the saw schema represented by one 
“saw tooth” (see Fig. 4.9) whereas in its top edge the front 
coil side is located and on its bottom the back coil side is 
located. In accordance to previous the front coil sides are 
again numbered using odd numbers and the back coil sides 
are numbered by even numbers whereas their distance cor-
responds  with  coil  pitch  y1.  The  distance  of  front  (and 
back) coil sides is then equal to coil length y and the distance between back coil side to following 
front coil side is equal to coil return y2. In case the machine is equipped with commutator (DC ma-
chines) then also lamellae of the commutator are drawn whereas their numbering increases by com-
mutator pitch yk. At the start of numbering of the saw schema it is usual to mark the first lamella by  
number 1 and the adjacent front coil side also by number 1. This rule is violated only in case that 
the winding dissolves to more galvanic units.

The placement of the coil sides to slots or their numbering depends on winding type but it does not 
differ for AC and DC windings. The examples of numbering of slots and coil sides for one, two and 
four layer windings with appended system of numbering of two layer tooth windings are shown in 
Fig. 4.10.

4 In case of DC windings the number of commutator lamellae is equal to the number of coils. Nomenclature is same.
5 The commutator pitch yk is a DC winding variable, but it is also used in case of AC windings as a helping variable 

to distinguish design of ap and wave windings.
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Fig. 4.9: Numbering of elements
in saw schema
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In case of a single layer winding it is obvious, that the numbers of coil sides correspond with num-
bers of slots. If we should keep the coil side numbering convention it is then necessary to use all  
odd slots for front coil sides and all even slots for back coil sides. As an after-effect of this winding  
type the total amount of coil sides is equal to the amount of armature slots and the total amount of 
slots is then one half of the amount of slots.

In case of two layer winding the front coil sides are laid in top position in the slot, the bottom posi-
tion remains reserved for back coil sides. It is obvious, that the coil pitch counted in number of coil  
sides will be twice the coil pitch counted in number of slots increased by one to achieve bottom slot  
position, i.e.

y1=2 u y1 s+1 . (4.1)

Since the number of coil sides is twice the amount of slots, the total amount of coils is then equal to  
the amount of slots.

The four layer winding only generalizes previous conclusions. Similarly to previous case it is neces-
sary to use for transition from coil pitch in number of slots y1s to coil pitch in number of coil sides 
y1 use the relation (4.1). The total amount of coils then increases to double and the relation between 
amount of coils and amount of slots can be generally written as

K=Qu . (4.2)

The only exception from mentioned system are the tooth windings. In their case the coil sides are 
commonly oriented vertically which rotates the topology of the winding by 90 degrees clockwise. 
But, the derived relations are valid also for this type of winding.

The practical achievement of the winding may be then significantly more complicates than shown 
examples. It is possible for example to create to create physically multiple layered galvanic inde-
pendent winding. In this case these windings are calculated as independent designs which will meet 
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Fig. 4.10: Slot layout with coil sides
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in the final machine. Among others it is also possible to design a winding with multiple parallel 
branches which are further used independently as two galvanic individual windings.

 4.3 Classification and Nomenclature of DC Windings

The fundamental property of DC windings is that they form a single galvanic unit and all coils are 
connected to commutator lamellae. On each lamella two coils of a single galvanic units contact  
therefore the number of commutator lamellae is equal to the number of coils of  given galvanic 
unit K. The commutator forms a sliding contact which is equipped with brushes, whereas the dis-
tance between two brushes of equal polarity is equal to potential pitch

y p=
K
p

(4.3)

counted in amount of commutator lamellae. The distance between brushes of opposite potential is 
then one half of this distance. Since the commutator is a sliding contact, the potential pitch yp is not 
required to be an integer.

The distance between contacts of front coil sides on the commutator is then given by commutator 
pitch yk, again counted in the amount of lamellae. The commutator pitch should be close to the po-
tential pitch but it must be an integer. In case that the winding should be divided into a= pairs if par-
allel branches, the difference of these pitches must be close to the number of parallel DC winding 
branches:

|y p− yk|→a= . (4.4)

The relation for calculation of commutator pitch may be then written as

yk=
εK±a=

p
, (4.5)

where ε is an operator reflecting type of designed winding, on its base the number of parallel
winding branches is derived to achieve yk to be an integer.

For lap windings the value ε = 0, which simplifies  (4.5) to

yk=±
a=

p
, (4.6)

where positive sign corresponds with windings with non-crossed connections and the negative sign 
with crossed connections. To design a wave winding the relation (4.5) with ε = 1 and positive sign 
for crossed winding connections and negative for non-crossed winding.

As seen in the saw schema a back coil side one coil and a front coil side of a next coil contact each 
other on a commutator lamella. The distance between front coil sides is therefore equal to double of 
the commutator pitch (since one lamella is connected to two coil sides), thus we have

y=2 yk . (4.7)
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The number of pairs of parallel DC winding branches a= must be derived from validity condition of 
(4.5), which says, that the result should be an integer. In case of a lap winding, which uses relation 
(4.6) there are only two possibilities: a= = p, which leads to parallel winding where the number of 
parallel branches corresponds with the number of poles, or a= = kp,  where the result is a multiply 
(k-times) parallel winding.

In case of a wave winding, there are four possibilities:
1) a= = 1, the winding has only one parallel branch thus it is a serial winding
2) a=  (1; p) and it is a combined windings with serial and parallel parts
3) a= = p and the result will be a parallel winding
4) a= > p and the winding will be multiply parallel

During the process of design of a DC winding it may happen that although yk is an integer, its value 
is unsuitable and the winding dissolves into multiple galvanic units. This situation occurs when the 
number of commutator lamellar is commensurable with the commutator pitch. Such a commutator 
forms groups of lamellae connected to a single galvanic unit whereas the remaining lamellae can be 
connected only to other galvanic insulated unit. The total number of independent galvanic units of 
the winding may be calculated as a greatest common divisor of the number of lamellae and the 
commutator pitch, i.e.

κ1=GCD(K ; yk) . (4.8)

The division of the winding to multiple galvanic units does not mean, that the winding cannot be 
used. After an analysis using star of slots and phasor polygon it is possible to determine points on 
these galvanic units with equal potential and connect them using equipotential connections. The 
winding then cannot be designed only in case when it is not possible to introduce equipotential con-
nections or the winding units reduce to exactly identical potential. In this case the winding is con-
sidered to be a degenerated winding – the real number of parallel winding branches reduces and the 
resulting winding does not correspond to requirements of the assignment.
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 4.4 Classification and Nomenclature of AC Windings

The AC windings may be derived from DC winding by so called “clipping”6. The characteristic 
variables of AC windings are the number of winding phases  m, mathematical number of winding 
phases m‘ and the number of slots per pole and phase q:

q=
Q

2 pm
. (4.9)

The mathematical phases are then formed by phase sections supplied in both polarities – i.e. sec-
tions  corresponding  with  physical  phases  and  sections  corresponding  with  physical  phases  but 
powered in opposite direction. This means, that the number of mathematical phases  m‘ is always 
twice as high as the number of physical phases m (if the opportunity to create mathematical phases 
is used). The process of clipping of a DC winding to AC winding is performed in three phases. On 
base of the number of pairs of parallel DC winding branches we get the number of coil segments

Sc=m' a= . (4.10)

These segments are then divided between all phases and we obtain the amount of coil segments per 
phase of an AC winding

S p=
Sc

m
=

m' a=

m
. (4.11)

Using the total number of coils we can finally determine the number of coils in a segment

K 1=
K
Sc

=
K

m' a=

, (4.12)

whereas in case of two layer windings the number of coils in a segment K1 is identical to the num-
ber of slots per pole and phase q, nevertheless in case of single layer winding the number of coils is 
one half, thus the K1 drops to one half of q. The created coil segments may be then connected on 
base of the numbers of coils in each segment connected to serial parallel or combined connections 
and it is possible to form AC winding parallel branches a~, which is a value that does not have gen-
erally any relation to the number of pairs of parallel DC winding branches a=. The values of a~ may 
then be from one up to the number of machine poles. In case of a~ = 1 the winding is in purely serial 
connection.  If a~ is in the interval between 1 a 2p, then it is a combined connection, in case of 
a~ = 2p the winding is purely parallel.  In relation to increase of the number of parallel winding 
branches a risk of equalizing currents increases.

As a helping tool it is possible to use a segment schema instead of saw schema. In this schema it is 
possible to create parallel branches on base of polarity and number of coils in each segment. The 
abscissae in this schema are then oriented and located according to the rotation direction of each 
mathematical phase (see 4.12). In case of a three phase winding this corresponds with sequence U-
W‘-V-U‘-W-V‘,  in case of five phase winding it is U-X‘-V-Y‘-W-U‘-X-V‘-Y-W‘. Each  abscissa 
corresponds with a coil section and it is numbered with the number of coils in each section.

6 But  it  is  also  possible  to  create  non-clipped  AC  winding.  The  condition  for  the  design  is  that  the  number 
of commutator  lamellae  of  fictive  DC  winding  is  a  multiple  of  the  number  of  phases  of  final  AC  winding.  
The resulting winding will be connected as appropriate polygon and it will have a very low winding factor.
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The Fig. 4.13 shows examples of possible winding connections with K1 = 2.5 coils per segment and 
Sc = 12 coil segments. In case the K1 is a fraction the numbers of coils in segments switch so their 
average value corresponds with the value of K1. In this case it is necessary to interchange coil seg-
ments with three and two coils in sequence according to Fig. 4.12 to achieve average value equal to 
2.5. This sequence, as mentioned before, results from the order of mathematical phases nad their ro-
tation in complex coordinate system. The segments of each phase are then connected to elementary 
groups to have an identical number of coils in each group. These croups may be then connected in  
series or in parallel. From the segment schema, it is possible to derive the saw schema and final 
winding drawing.
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As an alternative it is possible to design an AC winding directly from required number of slots per 
pole and phase, number of winding phases and number of machine poles, which lead to

Q=2 pmq (4.13)

slots. From this point it is possible to derive coil pitches and pole pitch, similarly to a DC winding. 
The clipping of the winding may be then performed using Tingley’s schema.

In this case the chosen variable is the number of slots per pole and phase q. In general it may be ex-
pressed as an integer (suitable for motors; easier for manufacture) or as a fraction

q=
q0

c
, (4.14)

where, if a symmetrical winding should be designed, the denominator of the fraction must not be a  
multiple of the amount of winding phases m. The windings which have a fractional number of slots 
per pole and phase  q are generally called fractional slot windings. These windings show a richer 
composition of harmonic components in the air gap and thus they have a higher differential leakage 
flux ratio and they form more parasitic torque components. On the other side, thanks to higher nu-
merator of  q0, the have a better quality of induced voltage and they are more suitable for electric 
generators. It is necessary to note, that single-layer windings with odd q also behave as fractional 
slot windings.

From the number of slots per pole and phase point of view it is further possible to divide the wind-
ings to traditional distributed windings (q ≥ 1) and tooth windings (q<1). The tooth windings exhibit 
with exceptionally high values of differential leakage flux factors which makes the suitable only for 
machines with large air gap and low inductance, i.e. permanent magnet machines (PMSM, PMSG, 
BLDC etc.).

Especially in case of tooth windings it is advantageous to use the before mentioned process of wind-
ing clipping using Tingley’s schema. As an example let us choose a 2u = 2 layered winding with 
2p = 8 poles, m = 3 phases and q = 3/8 slots per pole and phase. This winding has

Q=2 pmq=8 .3⋅
3
8
=9 (4.15)

slots, whereas for tooth windings the coil pitch is always chosen as y1s = 1. The coil pitch calculated 
in number of coil sides is then

y1=2u y1 s+1=2. 1+1=3 (4.16)

coil sides. The Tingley’s schema will have R = 2p = 8 rows and C = q0m = 3.3 = 9 columns. In the 

schema each c = 8th field will be filled (see putrefaction of q in (4.14)). Each slot then corresponds 
with one slot of the machine. The front coil sides are always put in the area of one phase, which be-
longs to  q0 columns,  whereas in case of m = 3 phase winding the front coil sides in areas of odd 
poles correspond to phases U-W‘-V and in even poles they correspond to phases U‘-W-V‘ (accord-
ing to sequence in Fig. 4.12).
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Based on above described process it 
is  possible  to  build  a  Tingley’s 
schema shown in Tab. 4.2. The incid-
ence of each coil side to its respect-
ive phase the results from the place-
ment of the front coil side in area of 
a  certain  phase.  The  incidence  of 
back coil side with its phase is then 
given by defined coil pitch.

From  Tingley’s  schema,  it  is  then 
possible to derive,  that  the coil  1-4 
will  belong to phase U, coil  3-6 to 
phase V, coil 5-8 to phase V’ (since 
the front coil side of this coil (num-
ber 5) is located under an even pole, 
which reverses the phase V direction 
to phase V’) etc. The resulting seg-
ment schema is then shown in Fig. 4.14.

 4.5 Winding Overhangs

The  winding  overhangs  have,  from  the  winding 
function point of view, only a function of connec-
tions  between  front  and  back  coil  sides.  Except 
tooth windings in all cases the crossings of wind-
ing  overhangs  is  very  complicated  which  makes 
placement  of  winding  overhangs  into  steel  im-
possible. This means that they are placed only in 
the air  or on non-magnetic supports.  Due to this 
fact they do not contribute to generation of torque 
nor back EMF, thus they are passive parts of wind-
ings only. Withal they contribute to generation of 
losses  either  by  their  electrical  resistance  or 
through leakage magnetic field they generate. This 
is  why it  is  suitable  to  manufacture the winding 
overhangs as short as possible.

ESF II project of the University of West Bohemia no. CZ.02.2.69/0.0/0.0/18_056/0013239 45

1
2

U
U‘

W‘
W

V
V‘

p = 1

p = 2

p = 3

p = 4

p = 5

p = 6

p = 7

p = 8

3
4

5
6

7
8

9
10

11
12

13
14

15
16

17
18

Tab. 4.2: Tingley’s schema of a winding with q = 3/8
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Fig. 4.14: Segment schema of a winding with q = 3/8

Fig. 4.15: Turbo generator winding overhangs
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In case of low voltage machines with coils formed by round wires all conductors touch and – if 
needed – insulation layers between coils of different phases are used. In case of machines with 
winding made of rectangular wires a certain insulation distance c is used, which is in case of low 
voltage machines slightly higher than one or two millimetres. This distance ensures flow of cooling 
air around winding overhangs. In case of high voltage machines the insulation distance is derived 
from rated voltage of the machines according to

c=4+
Un[kV ]

2
[mm]. (4.17)

To keep constant distance between neighbouring winding over-
hangs it is in case of distributed windings necessary to form the 
windings overhangs according to equidistant curves. In case of 
purely  axial  winding  overhangs  (see  Fig. 4.16)  the  forming 
curve  is  a  spiral  which  projects  to  a  cylindrical  plane  as  a 
straight line. These winding overhangs may be then drawn as 
shown in Fig.  4.17. The angle between this spiral and base of 
the cylinder may be then derived from the width of the winding 
bar bb, necessary insulation distance c ans slot pitch ts using Fig. 4.17 as:

αo=asin
bb+c

t s

. (4.18)

In case of different winding overhang types, where the overhangs are  deflected from cylindrical 
plane the spiral deforms and in front view they form a shape of an involute. Since axial winding 
overhangs are used only in case of armatures of DC machines it is possible to consider other types 
of winding overhangs ans involute overhangs. Examples of involute overhangs are shown in Fig. 
4.18. The angle between winding overhangs and cylindrical plane α is then commonly between 
units of degrees up to 15 degrees in case of axially deflected overhangs and approximately 25 de-
grees to 35 degrees in case of partially radial winding overhangs.
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Fig. 4.17: Projection of axial winding overhangs and determination of minimal  
possible angle between winding overhangs and stator stack

Fig. 4.16: Shape of axial
winding overhang
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The  involute  formed  by  winding 
overhangs is a curve which is drawn 
by a secant which rolls off the circle. 
Since  the  distance  of  points  on  the 
circle is explicitly given, the distance 
between  two  neighbouring  involutes 
corresponds with the distance on the 
circle and the drawn lines are there-
fore  equidistant.  The  distance 
between these lines are then given by 
the  bar  width  bb and  the  insulation 
distance  c.  For Q winding slots (and 
winding  overhangs)  the  circumfer-
ence of forming circle (involute base 
circle) is:

o=Q(bb+c) (4.19)

and the diameter of base circle is then

d0=
Q(b t+c )

π
. (4.20)

Since the insulation distance between 
neighbouring winding overhangs is in 
almost  in  all  cases  smaller  than  the 
tooth width, the diameter of the base 
circle  d0 is smaller than the armature 
inner diameter D1. In other case there 
would be no mathematical solution.

In case of deflected winding overhangs the involute projects to a cone plane under angle  α  (see 
Fig. 4.20, practical performance is obvious from Fig. 4.1). The involute is here formed from virtual 
radius R described by

sinα=
r
R

(4.21)

and similarly as in previous case the radius of base circle is
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Fig. 4.18: Involute winding overhangs: axially deflected (left),
partially radial (middle) and radial (right)

Fig. 4.19: Shapes of involute winding overhangs for two,  
four and six pole machine
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R=
Q(bb+c)
2π sinα

, (4.22)

and its diameter is

D0=
Q(bb+c)

π sinα
. (4.23)

As noted before – the above shown calculations 
are  valid  only  for  (outer)  stator  armatures, 
therefore in case of (inner) rotors of electrical 
machines  only spiral  winding  overhangs  are 
used.
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Fig. 4.20: The projection of an involute
to cone plane
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 5  Magnetic Circuits of Rotary Electric Machines
Parts of an electric machines which are dedicated 
to leading of magnetic flux, are in general called 
magnetic  circuits.  In  dependence  of  type  of  the 
machine the magnetic flux may be direct or altern-
ating, thus this part of the magnetic circuit may be 
manufactured as a monolithic part or made of insu-
lated steel sheets. The insulation layer then can be 
performed as an oxide layer or using lacquer.  In 
some cases even parts which lead direct magnetic 
flux are manufactured from steel sheets – the reas-
ons  may  include  reduction  of  appearing  losses, 
technology  or  economy  of  the  manufacture.  In 
these  cases  non-insulated  steel  sheets  are  often 
used.

Nowadays, it is necessary to pay attention even on 
parts of a machine which appear – from electromagnetic point of view – to be used by direct mag-
netic flux only. In case of a machine fed from power electronics converter there is (in case when no 
filtering is used) a current ripple which causes also oscillations of the magnetic flux which further  
generates additional losses in the magnetic circuits – both hysteresis and eddy currents. This is why 
it may be only recommended to use the insulated electrical steel sheets also in these applications.

Parts of a machine which are supposed to lead the magnetic flux include among steel parts also the 
air gap (whose presence is from mechanical point of view necessary) and permanent magnets. All 
these parts therefore should be precisely designed to with corresponding attention.

 5.1 Magnetic Circuit Materials

The  major  part  of  the  volume  of  the  magnetic  circuit  is 
formed  by  magnetically  conducting  components  made  of 
electrical  steel  sheets.  The  term “electrical  steel  sheet”  is 
commonly understood as a steel sheet mage of iron alloy in-
cluding approximately 3 to 5 per cent of silicon. The effect 
of inclusion of the silicon is the increase of electrical resist-
ance  of  the  sheets  resulting  in  reduction  of  eddy  current 
losses. Since the inclusion of silicon influences also mechan-
ical properties of electrical steel sheets the percentage of silicon is commonly below five per cent 
otherwise the resulting sheet would be fragile and it would have also worse magnetic properties.

Standard electrical steel sheets (either non-oriented according to EN 10106 or oriented) are manu-
factured in thicknesses 0.35 mm, 0.5 mm a 1.0 mm and they are equipped either by single or double 
side insulation layer. This insulation layer has almost in all cases similar thickness thus only the ra-
tio of its thickness in relation to the sheet thickness changes. This is commonly expressed by lamin-
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Fig. 5.1: Magnetic field
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ation fill factor kFe which expresses the percentage of the thickness of the steel (and so of  volume) 
in the total thickness of the steel sheet including insulation (see Fig. 5.2 – tsh is the total thickness of 
the steel sheet, tis is the insulation thickness and tFe is the thickness of pure steel sheet). In case of 
mentioned steel sheet thicknesses the standardized lamination fill factors are  kFe = 0.95, 0.97 and 
0.98.

With the development of electrical machines the standard electrical steel sheets came to the border 
of their usability which leads to development of steel sheet types which are not standardized yet or 
for which the standards are currently developed. The most renown examples are made from Arnold 
Magnetics  Co.  which  manufactures  non-oriented  electrical  steel  sheets  under  trademark Arnon. 
These steel sheets have lower specific losses due to higher volume of silicon and smaller thickness 
(e.g. Arnon 5 sheets are 0.005 (0.127 mm) inches thick). A similar way of development was chosen 
by Voestalpine which provides electrical steel sheets named as Isovac NO30-15 with 0.3 mm thick-
ness. These steel sheets are currently standardized in EN 10303.

An alternative way was chosen in development of steel sheets called Hiperco. These steel sheets are 
manufactured by multiple manufacturers (e.g. Carpenter Electrification) and in contrast to common 
approach which uses addition of silicon for lowering losses the Hiperco is an alloy made of iron, co-
balt and vanadium. This results (in combination with smaller thicknesses) to specific losses close to 
Arnon steel sheets but thanks to the volume of cobalt these steel sheets have significantly higher 
saturation point – while standard electrical steel starts to saturate at approximately 1.5  T, the Hi-
perco may be used with almost linear properties up to 2 T. This material is therefore very advant-
ageous for manufacture of highly saturated rotary electric machines and transformers.

An independent chapter is formed by usage of soft mould composite materials. These may be based 
either on traditional iron-silicon alloy or on Hiperco basis. Their usage is very limited nowadays 
(limited by properties and price of 3D print or moulding) and in relation to losses arising in these 
materials their usage is currently focused more on prototypes of electric machines.

 5.2 The Mechanism of Generation of Iron Core Losses

The main part of losses generated in magnetic components are 
the hysteresis losses, i.e. losses which arise while passing the 
alternating magnetic flux through ferromagnetic material.  In 
microscopic scale the magnetic domains change their orienta-
tion which generates “friction” generating heat inside of this 
material. Depending on strength of the outer  magnetic  field 
these domains may merge or dissolve, which further increases 
the generation of heat.

This phenomenon depends on energy necessary for change of 
magnetization direction of the ferromagnetic material,  i.e. to 
magnetic energy whose density is

wm=∫B dH . (5.1)
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This equals to the area of the hysteresis loop created while changes of magnetization direction. 
From this point of view it is obvious that for usage of a (ferro)magnetic material in time alternating 
magnetic field the area of the hysteresis loop must be possibly smallest thus it is necessary to use a 
magnetically soft steel. The area of the hysteresis loop then depends on square of magnetic flux 
density and during one power supply period it is drawn once. Thus for calculation of the hysteresis  
losses the following relation will be valid:

Δ ph=kh f B2 , (5.2)

where kh is the coefficient of hysteresis losses.

The second component of losses arises as an after-effect of the con-
ductivity  of  electrical  steel  sheets.  It  is  caused  by  eddy  currents 
which are generated in steel sheets due to induced voltage. In gen-
eral it may be calculated from Poynting’s vector whereas the result 
may be written as 

Δ pv=
J 2

γFe

, (5.3)

where the induced current density  J is proportional to the induced 
voltage into each sheet

J∼f B (5.4)

thus the result is a relation

Δ pe=ke f 2 B2 , (5.5)

where ke is the coefficient of eddy current losses. The total losses are then given by a sum of 
both components, i.e.

Δ pFe=Δ ph+Δ pe=k h f B2
+k e f 2 B2 7, (5.7)

which is generally known as Jordan’s equation. A problem of this equation is that it is complicated 
to separate both components of losses, especially coefficients kh and ke from the measurement. This 
measurement is often performed at a certain reference frequency fref and at a certain reference mag-

7 In some FEM software the iron core losses are being modelled using

Δ p Fe=khf B2
+k e f 2 B2

+k exc f 1,5 B2 , (5.6)

where kexc are the “excess losses.”  Considering the fact, that this component of the equation corresponds best
with the real loss distribution according to magnetic flux density and frequency. This number results
highest from kh, kv and kexc.
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netic flux density Bref, which provides a single value of reference iron core losses ∆pref. Because of 
this reason a simplified form

Δ pFe=Δ pref ( f
f ref
)

1,5

( B
Bref

)
2

, (5.8)

which averages the frequency exponents of both loss components is used. This relation corresponds 
very well with the behaviour of traditional electrical steel, but new materials have both types of 
losses extremely unbalanced, thus it is more suitable to use so-called Steinmetz’ equation for iron 
core losses

Δ pFe=Δ pref (
f

f ref
)
α

(
B

Bref
)
β

, (5.9)

where α and β are general exponents, which need to be derived on base of measurement.

For currently available materials, the exponent α is most commonly in range between 1.3 and 1.5, 
while coefficient β is almost in all cases close to two. In the praxis it is possible to obtain the value 
of ∆pref from the measurement using Epstein’s frame or from the data sheet of selected steel sheets, 
which often includes complete frequency characteristics of losses.

Another factor significantly influencing the iron core losses is the machining technology, i.e. the 
whole technology of processing of steel sheets. Among the most common way of machining of steel 
sheet parts (stamping) nowadays also laser or string cutting is used. These technologies lead to vari-
ous sheet damages like burrs or insulation overheating. Although it is possible to compensate these 
effects (e.g. by additional annealing and insulation) such actions are expensive and they slow down 
the manufacture.

All these effects are in terms of magnetic circuit design considered by technological coefficient of 
yoke and teeth machining ktt and kty. These coefficients consider a proportional increase of losses in 
given part of the magnetic circuit and their values vary according to damages due to machining in 
each part. For thinner parts of magnetic circuits (teeth) they are in range between 1.6 and 2.0, for 
wider parts of magnetic circuits (yokes) they are commonly in range of 1.3 to 1.6. A more precise 
determination of these coefficients results from the experience of the machine manufacturer with 
selected technology and provider. The total yoke losses are then

Δ P y=kty m yΔ py , (5.10)

where kty is the technological factor of yoke iron core losses,
my is the mass of the yoke

and ∆py are the proportional losses in the yoke.

In a very similar way it is possible to express the losses in teeth of the machine as
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Δ Pt=k tt mtΔ pt (5.11)

with identical meaning of each variable.

 5.3 Design of Magnetic Circuit

The design of magnetic circuit is based on well known equations

Φ=∮B dS , (5.12)

and 

Θ=∮H dl , (5.13)

whereas the relation between magnetic flux Φ and magnetomotive force drop on the magnetic cir-
cuit Θ may be determined on base of Hopkinson’s law 

Φ=ΛΘ , (5.14)

where Λ is the magnetic conductance of the magnetic circuit,

nevertheless thanks to strongly non-linear characteristic of steel it is more common to read the val-
ues from the B-H curve of used steel sheets. Each part of the magnetic circuit is then designed on 
certain values of magnetic flux density to keep relative low value of losses and low value of mag-
netomotive force drop. E.g. in case of induction machines the magnetomotive force is related to 
power factor of the machine, in case of synchronous machines it is bound to design of excitation.

 5.3.1 Magnetic Field in Teeth of an Electric Machine

From the point of view of ex-
amination of magnetic field in 
machine teeth there are two ex-
treme  cases  –  teeth  of  a  ma-
chine equipped with distributed 
winding and teeth of a machine 
equipped  with  tooth  winding. 
While in case of machines with 
distributed  winding  it  is  pos-
sible to consider the tooth as a 
very narrow object in comparison to wavelength of the magnetic filed in the air gap, in case of ma-
chines equipped with tooth winding the dimensions of the tooth pitch are comparable to magnetic 
field wavelength.
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Fig. 5.5: Magnetic load of a tooth of distributed winding
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Thus, in case of distributed winding the magnitude of the magnetic flux density in the tooth results 
from magnitude of the air gap magnetic flux density and tooth pitch, as shown in Fig.   5.5. The 
magnetic flux, which enters the tooth has a magnitude of

Φtp=Bδ t s lFe , (5.15)

which corresponds with tooth magnetic flux

Φt=Φ tp=Bt bt kFe lFe . (5.16)

The tooth magnetic flux density is then 

B t=
Φ t

b t kFe lFe

=
t s

bt kFe

Bδ . (5.17)

This  relation  corresponds  to  reality 
only in case when he teeth are not 
saturated, i.e. approximately to mag-
netic flux density of 1.7 T. Since this 
value  the  permeability  of  the  iron 
starts to decrease. This pulls a part of 
the magnetic flux out of the tooth to 
the slot space which results in “light-

ening” of the tooth from the magnetic flux.

The magnetic flux through slot pitch may be then determined as a 
sum of real value of the magnetic flux through tooth and magnetic 
flux through slot

Φts=Φt+Φs , (5.18)

which gives

Φts=Bt b t k Fe lFe+B sbs lFe . (5.19)

The magnetic flux Φts may be substituted from (5.16) but in this case let us designate the magnetic 
flux density in tooth as B‘ – as apparent tooth magnetic flux density: 

B t ' bt kFe lFe=Bt b t k Fe lFe+Bs bs lFe . (5.20)

From this relation it is possible to express the real tooth magnetic flux density as
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Fig. 5.6: Magnetic flux  
through non-saturated tooth

Fig. 5.7: Desaturation of a 
tooth due to leakage of  
magnetic flux to a slot
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B t=Br '−
bs

bt k Fe

B s . (5.21)

If we substitute the magnetic flux density in a slot by magnetic field strength according to

B s=μ0 H (5.22)

we obtain the functional prescription for determining of real tooth magnetic flux density: 

B t(H )=Bt '−μ0

bs

bt k Fe

H (5.23)

The fraction

kd=
bs

bt k Fe

(5.24)

is  then  commonly  used  as  stator 
teeth desaturation factor. The real 
value of the magnetic flux density 
in tooth can be then determined by 
graphical  construction  shown  in 
Fig. 5.8. In this construction an in-
tersection of function  Bt  (H) with 
stator  steel  B-H  curve  is  found. 
The  result  is  then  real  value  of 

magnetic field strength  Ht and magnetic flux density in tooth  Bt. 
With respect to most precise description of magnetic field in tooth 
the magnetic flux density and magnetic field strength is commonly 
determined at  three levels  of  the tooth  – in  wedge area,  in  the 
middle and at the slot bottom.

In terms of machine design this is reflected by usage of indices
i = 1, 2, 3 for each part of the tooth. This leads to triple calculation 
during which it is necessary to determine desaturation factors for 
each layer 

k ti=
bsi

b si k Fe

=|bsi=t si−kFe b ti|=
t si

bti kFe

−1 . (5.25)
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Fig. 5.8: Determination of real tooth magnetic flux density 

Fig. 5.9: Geometrical  
dimensions of a tooth
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To be able to calculate the tooth magnetomotive force drop all determined values average according 
to

H ta=
H t 1+4 H t 2+H t 3

6
. (5.26)

This leads to teeth layer magnetomotive force drop

Θt=∮H dl=H taht , (5.27)

where ht is the tooth height.

Across the literature this effect is considered in a variety of 
solutions. To be able to omit the desaturation factor in some 
literature a separate B-H curve for teeth is presented (e.g. [4]), 
which uses a presumption of similarity between electric ma-
chines – i.e. presumption, that in case of optimal design the de-
saturation factors will result very similar thus also the mag-
netic field effects will be very similar. Another alternative is 
so-called intersectional diagram, which allows determination 
of real magnetic flux density on base of known combination of 
apparent magnetic flux density and desaturation factor.

In case of a tooth winding the situation is more complicated. 
Since different types of tooth windings have different relation 
between tooth pitch and pole pitch it is suitable to examinate each type of winding separately, espe-
cially using finite element method. In general it is possible to say that the magnetic flux through one 
tooth is approximately as large as the air gap magnetic flux (Φz ≈ Φδ), but there is a significant mag-
netic flux leakage between teeth thus consideration of the whole air gap magnetic flux may lead to 
significantly overlarged magnetic circuit.  After correct determination of the tooth magnetic flux 
density Bt the remaining design approach is identical to distributed winding.

 5.3.2 Magnetic Field Distribution in the Armature Yoke

Since the magnetic field enters the 
yoke through tooth layer, its exam-
ination is more complicated than in 
case of other parts of the machine. 
In general,  it  is  possible  to  easily 
obtain  the  amplitude  of  the  mag-
netic flux density in the yoke from 
the knowledge of air gap magnetic 
flux, i.e. from 
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Fig. 5.11: One pole pitch of a yoke
with related flux lines and dimensions

Fig. 5.10: Intersectional diagram
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Φ y=
Φδ

2
=∮B y dS , (5.28)

which leads to

Φ y=B y hy kFe lFe , (5.29)

where the yoke height is (in case of stator)

hy=
De−(D1+2 hs)

2
. (5.30)

The amplitude of the magnetic flux density in the yoke then results

B y=αδBδ

t p

2 h y k Fe

. (5.31)

Due  to  transmission  of  the  mag-
netic  flux  into  the  yoke  through 
teeth its layout is not uniform and 
the  values  of  yoke  magnetic  field 
strength  Hy and  corresponding 
magnetic flux density By are located 
almost  only  in  the  centre  of  the 
yoke. Following a virtual line in the 
middle of the yoke the real layout 
of the magnetic field strength will 
be  similar  to  a  harmonic  function 

distorted by its third harmonic component (see Fig. 5.12).

Real  shape  of  the  yoke 
magnetic  field  strength 
curve may be examined us-
ing  construction  shown in 
Fig. 5.13. The presumption 
is  that  the  yoke  magnetic 
flux  density  has  a  sinus-
oidal  space  dependency, 
which  is  in  the  figure 
drawn as one quarter  of a 
sine  wave  on  coordinates 
between tp/2 and 0. In thze 
same scale  the  B-H curve 
of  used  steel  sheets  is 
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Fig. 5.12: Magnetic field strength curve in centre of a yoke

Fig. 5.13: The construction of magnetic field strength curve
in the yoke as depending on position
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drawn on the right side. For each coordinate ξ on the periphery of the machine a corresponding 
value of the yoke magnetic field strength is obtained. It is drawn over the y axis to the same quad-
rant as the magnetic flux density. The result is a deformed curve of the yoke magnetic field strength. 
To achieve correct value of yoke magnetomotive force drop in form of

Θy=∫H y dl=H y l y (5.32)

it is necessary to know the average value of the yoke magnetic field strength Hy. The length of the 
yoke is then (for outer stator)

l y=
π (D1+2hs+h y )

2 p
. (5.33)

It is obvious that the presented approach is time consuming, hence instead of calculation in form of 
(5.32) a reduced length of the yoke length lyred is used while using maximal value of the magnetic 
field strength Hy

Θy=H y l yred , (5.34)

The reduced yoke length uses a coefficient of correction of the yoke magnetic field strength  ky, 
which may be obtained using nomograms presented in literature. For this purpose a ratio between hj 

and ty is used, whereas the yoke pole pitch is (for stator yoke)

t y=
π(D1+2 hs)

2 p
, (5.35)

thus  ut  is  pole  pitch  measured  at  the 
bottom  of  stator  slots.  The  reduced 
yoke length  lyred is (after reading of  ky 

from Fig. 5.14)

l yred=k y

t y

2
. (5.36)

Even in this case it is necessary to note 
that  the approach is  specific  for  each 
available literature and it is necessary 
to  strictly  follow  the  approach  of 
chosen  literature.  E.  g.  [4] includes 
specific  characteristic  of  the  steel  for 
yokes, which results again from simil-
arity between electric machines.
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Fig. 5.14: Diagram for reading of the magnetomotive  
force correction factor ky (translation from [3])
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 5.3.3 Magnetic Field of Excitation Poles and Yoke

Since the excitation poles of DC machines and synchronous generators have significantly different 
dimensions than teeth it is necessary to apply slightly different approach to design of these parts of 
the magnetic circuit. While in case of teeth it is possible to consider field effect only using desatura-
tion factor in case of excitation poles the situation complicates and the leakage magnetic field in-
creases. This projects also to the necessity of modification of their design, when a sum of main and 
leakage magnetic flux must be considered. The leakage magnetic flux is respected through magnetic 
flux leakage factor kσ, which gives a ratio between leakage and main magnetic fluxes

kσ=
Φσ

Φδ

. (5.37)

The total magnetic flux at the root of the pole will be

Φp=Φδ+Φσ=(1+kσ)Φδ , (5.38)

where the magnetic flux is in general

Φp=∮Bp dS=Bp bp k Fe Lp , (5.39)

since the length of the pole body may be slightly different in comparison to the length of the stator 
stack. For required value of the pole magnetic flux density it is necessary to reach pole width

bp=
(1+kσ)Φδ

B pk Fe Lp

. (5.40)

The magnetic flux in te pole divides to two parallel patch leading through yoke, to chieve required 
value of the yoke magnetic flux density Bj it is possible to write

hy=
(1+k σ)Φδ

2 B y kFe Lp

, (5.41)

whereas in comparison to armature yoke the magnetic flux goes through a massive yoke and it  
comes from a single pole, thus it is possible to obtain the corresponding magnetomotive force drop 
directly from the B-H curve of used material.

The leakage magnetic flux itself can be determined using known geometry and excitation through-
Hopkinson’s law. The magnetic flux lines considered for calcuation of the leakage magnetic flux are 
shown in Fig.  5.16 and except flux lines between poles and pole shoes also leakage between pole 
shoes and pole winding overhangs are considered. Thus, from Hopkinson’s law point of view, the 
magnetomotive force of the excitation winding is known, i.e. 
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Fig. 5.15: Magnetic field
of DC machine excitation poles
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Fex=N ex I ex . (5.42)

Considering conductance of the leakage paths Λσ the leakage magnetic flux will be equal to

Φσ=Λσ F ex . (5.43)

Since the area between the poles is from electromagnetic point of view equivalent to machine slots 
it is possible to write for the inter-pole leakage paths directly (equivalent to machine slots)

Λ p=μ0

hp

3 l p

Lp (5.44)

and for conductance between pole shoes (again equivalently to slot openings) 

Λs=μ0

hs

ls

Ls , (5.45)

where l are the lengths between poles and pole shoes
and L are axial lengths of poles and pole shoes respectively.

The  magnetic  field  between  overhangs  of  excitation 
poles and pole shoes must be examined separately as it 
is a more complicated problem. In this case the magnetic 
flux line may be substituted by two quadrants axially go-
ing out of poles/pole-shoes. They are tangentially con-
nected by segments of flux lines of lengths lp and ls. For 
an element of magnetic flux we can hen write
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Fig. 5.17: Magnetic flux lines  
connecting pole shoes
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Fig. 5.16: Magnetic flux lines of leakage magnetic field of excitation poles
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dΛos=μ0
dS
l
=μ0

hs

π

2
x+ ls

dx , (5.46)

which leads to an integral

Λos=μ0hs∫
0

bs

2
1

π

2
x+ls

dx . (5.47)

After calculation we obtain

Λos=μ0hs
2
π [ ln

π

2
x+ ls]

0

bs

2 , (5.48)

and after substitution of boundaries the result is

Λos=μ0hs
2
π [ln (

πbs

4
+ls)−ln l s]=2

μ0 hs

π [ ln( πbs

4 l s

+1)] . (5.49)

Using equivalent  approach and considering the coefficient of triangular  magnetic field for pole 
body we obtain

Λop=
2μ0 hp

3 π [ ln( πbp

4 l p

+1)] . (5.50)

The resulting magnetic conductance of leakage paths is then

Λσ=Λ p+Λn+2(Λčp+Λčn) . (5.51)

Now it is possible to determine the value of leakage magnetic flux using  (5.43)  and the leakage 
magnetic flux coefficient according to (5.37). Using similar approach it is also possible to determine 
the leakage magnetic fluxes in permanent magnet synchronous machines, which is necessary for 
successful design of permanent magnet excitation.
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 5.3.4 Air Gap Magnetic Field

Although  the  air  gap  is  formed  by  a 
magnetically  linear  environment,  the 
layout  opf  the  magnetic  field  here  is 
most  complicated  and  affected  by  a 
whole set of factors. The most import-
ant are

• division of winding into slots

• width of slot openings

• magnetic circuit saturation, es-
pecially teeth layer

The division of winding into slots creates discrete changes of the magnetic flux density along the air 
gap, which is generally known as a “step-curve.” This curve is further affected by slot openings, 
which introduces further pulsations, which appear as a set of higher order harmonic components in 
the air gap magnetic field. The unused energy of harmonic components is then similar to leakage 
magnetic flux and it is reflected in form of differential leakage flux coefficient τdif. Its correct calcu-
lation should result either from knowledge of Görges pattern or from harmonic analysis of the air 
gap magnetomotive force. But, the literature also mentions more or less accurate empiric relations 
to obtain a value of the differential leakage flux coefficient.

Among harmonic components the slot openings also project in 
extension of air gap magnetic flux lines and in increase of the 
air gap magnetomotive force drop, while this effect may be 
observed in both axial and radial cross-sections of the machine 
(see  Fig.  5.19).  This  phenomena  is  reflected  via  Carter’s 
factor, which expresses the extension of air gap magnetic flux 
lines, but except slot effects it also allows application for seg-
mented stator/rotor.

The derivation of the Carter’s factor may be shown on an ana-
lysis of magnetic fluxes through one slot pitch, as shown in 
Fig. 5.20. The magnetic flux going through a slot pitch is in an 
ideal case given by the air gap magnetic flux density Bδ and its 
value is
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Fig. 5.18: A comparison of ideal layout of the air gap 
magnetic flux density with FEM results
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Φts=Bδ t s lFe . (5.52)

If an increase of the magnetic flux density ripple to Bmax is considered, it is necessary to reduce the 
width of the area, which leads this magnetic flux to (td – γbd) and it may be written as

Φts=Bmax (t s−γb s)l Fe . (5.53)

Now let us define the Carter’s factor as a ratio between maximal and average magnetic flux density 
values Bmax and Bδ

kC=
Bmax

Bδ

=
t s

t s−γ bd

. (5.54)

In case of semi-closed slots the magnitude of the flux ripples decreases and the slot width from rela-
tion (5.54) is being replaced by the width of the slot opening bo 

kC=
t s

t s−γ bo

. (5.55)

The coefficient γ is then across literature being expressed differently, whereas one of most common 
expressions is 

γ=
bo

bo+5δ
, (5.56)

which may in case of small air gaps fail. In these cases it is suitable to use a more complex relation

γ=
2
π {atan(

bo

2δ )−
δ

bo

ln [1+( bo

2δ )
2

]} .8 (5.57)

As obvious, the Carter’s factor is derived as a coefficient of a slotted surface against smooth one. In 
case of doubly slotted machines (induction machines) it is necessary to derive separately Carter’s 
factors for stator and the rotor, whereas the result is a multiplication of both values.

As shown a similar effect can be expected in case of segmented machines, i.e. machines with radial  
cooling channels. In this case the edge effects extend the air gap and it is possible to use the previ -
ous relations with following modifications:

• the slot pitch verges to the length of a single stator segment ls and neighbouring ventilation 
channel lv

8 Again it is necessary to emphasise some caution in work with the literature – the presented relations are derived for  
Carter’s factor as presented in  [3], which corresponds with original Carter’s work  [7]. The commonly available 
Czech literature ([4], [8]) presents slightly modified way of calculation of the Carter’s factor and the coefficient γ 
thus it is not possible to combine both approaches (and related calculations).
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t s→l s+ lv (5.58)

• the width of the slot opening verges to the width of the cooling channel

bo→lv (5.59)

The Carter’s factor for ventilation channels is then

kCv=
ls+lv

l s+ lv−γ lv

=
ls+lv

l s+(1−γ)lv

(5.60)

using coefficient 

γ=
lv

lv+5δ
. (5.61)

The effective length of the stator stack is then

lef=
l

kCv

, (5.62)

where the total length of the stator l is

l=n sl s+(n s−1)lv , (5.63)

where ns is the number of stator stack segments,
ls is the length of the segments

and lv is the width of ventilation channels.

Another effect influencing the air gap dimensions is the border ef-
fect. In comparison to Carter’s factor, which acts especially in radial 
dimension,  the border effect axially extends the air gap and length 
of the machine (see Fig. 5.21). As a result the length of the machine 
appears to be

li=lFe+δ . (5.64)

The air gap length considering Carter’s factor is denoted by an apo-
strophe

δ '=kC δ (5.65)
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Fig. 5.21: Border effects at  
the end of the air gap
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and it influences the air gap magnetomotive force drop, which results from air gap magnetic flux 
density as

Θδ=Hδδ '=
1
μ0

Bδ kC δ . (5.66)

 5.4 Saturation of the Magnetic Circuit and Related Characteristics

The last effect, which influences the properties of the magnetic circuit is the saturation of the mag-
netic circuit. The saturation is commonly expressed as no-load characteristic of the machine, espe-
cially in case of machines with controllable excitation and induction machines. Historically the no-
load characteristic has been drawn for 100 %, 115 % and 130 % of the air gap magnetic flux density 
Bδ and interpolated for other values. Nowadays it can be relatively easily drawn in whole interval of 
possible  values  using  numeric  software.  From known no-load characteristic  (denoted  as  ch0 in 
Fig. 5.22) and air gap characteristic (a tangent to no-load characteristic at the beginning of the co-
ordinate system) the magnetic circuit saturation factor ksat may be derived.

The procedure of determination of the saturation factor starts with determination of the no-load 
characteristic – i.e. for 100 %, 115 % and 130 % of the air magnetic flux density the magnetomotive 
force drop on the whole magnetic circuit is calculated and by interpolation the whole characteristic 
ch0 is obtained. The magnetomotive force corresponds in case of synchronous machines (for which 
these characteristics are most commonly constructed) to excitation, thus the x axis is marked as Fm.

  In the next step it is possible to get 
the air gap characteristic from the tan-
gent to the no-load characteristic at the 
beginning  of  the  coordinate  system. 
Considering a  sine-wave curve of the 
air gap magnetomotive force, it is pos-
sible to project it to the fourth quadrant 
as a sine curve with magnitude of Fm100 

and then using  ch0 determine the cor-
responding  value  of  Bδ100.  Using  air 
gap characteristic it is possible to de-
termine the value of B1r, i.e. a value of 
the  air  gap  magnetic  flux  density  in 
case of desaturated magnetic circuit.

Consequently it is possible to find the 
air gap magnetomotive force Fδ  on the 
crossing of connection between value 
Bδ100 with  the  air  gap  characteristic. 
This results in magnetic circuit satura-
tion factor
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Fig. 5.22: The determination of the saturation factor
from the no-load characteristic
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k sat=
Fm100

Fδ

. (5.67)

To obtain a full analysis, it is also possible to draw the air gap magnetic flux density using “mirror-
ing” of the magnetomotive force curve over the no-load characteristic. The magnetic flux density is 
slightly flattened, which may be further used for more accurate determination of magnetic field 
shape coefficient  kB and pole coverage factor αδ. As an example also fundamental harmonic com-
ponent of the air gap magnetic flux density B1 is also shown in Fig. 5.22.

The magnetic circuit saturation factor is further used for modification of the air gap size in relation 
to saturated equivalent circuit parameters. In this case it is designated by two apostrophes and its 
value is

δ "=ksat δ '=ksat kC δ . (5.68)
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 6  Equivalent Circuit Parameters
A precise calculation of equivalent circuit parameters is an important part of the design for two 
main outputs – calculation of losses and for the purpose of validation of the phasor diagram, since 
using phasor diagram it is possible to verify the choice of parameters of the machines (power factor, 
overloadability etc.) as well as correct design of e.g. excitation.

In case of resistance, which is frequency dependent, the literature uses approximately identical ap-
proach, while only minor differences appear in the interpretation of some particular results. A dif-
ferent situation relates to machine inductances. The inductances are often not calculated separately 
and instead of them only reactances are obtained  (e.g. [4],  [3],  [6]).  Historically this approach is 
given by the fact that it was presumed that all machines will be supplied from the power grid, thus 
the working frequency of the machine will be constant. Thus also resulting multiplication of the an-
gular frequency of the grid and inductance will be also constant, thus the value of reactances is a 
sufficient information.

With the growth of the amount of machines supplied from power converters the term “reactance” 
forms more an obstacle and it is suitable to calculate the inductances only. They are (at least in 
terms possibilities of analytical calculation) independent by frequency and they serve as an import-
ant input for the purpose of simulation and control of the machine. Because of this reason the in-
ductances are used in further text as wide as possible and reactances are used only in cases where  
their usage has a reasonable background.

 6.1 Winding Resistances

The calculation of winding resistances is relatively simple and the most demanding part of the cal-
culation is accuracy of calculation of the winding wire length. The resistances are commonly calcu-
lated for two temperatures – for 20 degrees Celsius and for rated machine temperature9. The most 
common materials used for winding wires are copper and in some specific application aluminium. 
As an additional material (e.g. for double caged armatures of induction machines) also copper al-
loys like bronze and brass are used.

From above mentioned materials the best conductivity belongs to copper (γCu = 58.5 MS/m at 20 de-
grees Celsius) whose thermal resistance coefficient is  αCu = 0.00429 K-1. Its disadvantage is relat-
ively high mass density (ρCu = 8900 kg/m3) which leads to a large fraction of copper mass. In case of 
aluminium the conductivity is lower (γAl = 35.4 MS/m at 20 degrees Celsius) and it has also slightly 
higher  thermal  coefficient  (αAl =  0.0044  K-1)  nevertheless  thanks  to  its  lower  density 
(ρCu = 2700 kg/m3) it is suitable for use in applications requiring low machine mass (aerospace etc.).

In the past the aluminium was commonly used for casting of squirrel cage rotors whereas its main 
advantage was its low viscosity in liquid state and low melting temperature. These factors made the 
manufacture cheap and easy. The forced transition to squirrel cages made of copper[9], which has 
higher melting temperature and it is very viscose, led to increase of demands on the manufacture 
and it also increased the prices of such machines.

9 In some cases there is an additional reference temperature defined to have comparable data across e.g. traction 
machines.
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The relation between resistivity of the material at temperature ϑ and reference temperature ϑ0 is at 
common temperatures expressed by relation

ρϑ=ρ0 [1+α(ϑ−ϑ0)] , (6.1)

which may be modified to relation of conductivity

γϑ=
γ0

1+α(ϑ−ϑ0)
. (6.2)

The resistance may be then determined on base of well known relation

R=
1
γ
⋅

l
S

, (6.3)

where γ is the conductivity of the material at given temperature,
l is the total phase conductor length,

and S is its cross section.

The length of the conductor is given by the number of winding turns in series Ns and length of the 
winding turn lc, which is composed of slot part and winding overhang part

lc=2(ls+lo) . (6.4)

The length of the slot part (linear) 
corresponds with the length of the 
stator  stack  with  possible  addi-
tional  cooling  channels  increased 
by  some  additional  extension. 
Thus extension is also forms by a 
linear part just before its bending 
to the shape of the winding over-
hang and its size is a purely tech-
nological element and it can be in 
order  of  millimetres  or  centi-
metres. It is affected among others by possibilities of forming of precise coil overhang shape, but 
also by presence of press boards at the and of the stator stack. Generally the length of the linear par 
may be written as

ls=nis lis+(nis−1)l v+2 lof , (6.5)

where lof is the length of the linear offset of the coil.
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Fig. 6.1: Shape of a lap winding coil
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The length of the wining overhang may be then determined simply from known geometry of the 
coil shape. In case of windings made of round wires the winding overhangs are formed by arc seg-
ments while in case of pre-formed coils the coil shape corresponds to a coil shown in Fig. 6.1 with 
known angle between coil overhang and the stator stack αo. The average length of the winding over-
hang may be then determined using (considering radial extension of winding overhangs α and half-
circular shape of the coil loop Rc) 

lo=
π(D1±hs)β

2 pcosαo cosα
+πR c , (6.6)

where the “+” sign must be applied for slots on outer part of the air gap (outer stators) and the “-” 
sign for slots on inner part of the air gap (inner rotors). 

The cross-section of a phase wire is then affected by the winding topology, i.e. the used number of 
parallel wires np or the number of parallel winding branches (a~ for AC windings, 2a= in case of DC 
windings). Considering both effects the relation (6.3) verges to 

R=
1
γ
⋅

N s lc

a~ np Sw

, (6.7)

where Sw is the cross-section of an elementary winding wire.

In case of AC power supply additional eddy currents loading the wires by additional losses are gen-
erated. In comparison to DC resistance according to (6.7) the resistance increases. This effect is ex-
pressed by coefficient k~ - a coefficient expressing the increase of losses by using AC power supply. 
This coefficient may be neglected in case the winding wire height is smaller than the penetration 
depth at given frequency, where the penetration depth is 

a=√
2

2πμ0 γ f
10. (6.8)

The calculation of the resistance increase coefficient for a conductor in a slot k~ results from ana-
lysis of eddy currents of a conductor in a slot [10] and it uses proportional penetration depth

ζ=
hv

a
, (6.9)

and the value of the resistance increase coefficient is

k~=ζ
sinh 2ζ−sin 2ζ
cosh2ζ−cos2ζ

. (6.10)

10 For copper at 20 degrees Celsius and 50 Hz frequency the penetration depth is 9.35 mm.
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The resulting effective winding resistance while leading AC current is then

R~=k ~ R . (6.11)

 6.2 Machine Inductances

The inductances of an electric machine play a crucial role regarding its behaviour thus it is neces-
sary o pay attention while estimation of machine inductances. They affect e.g. dynamic behaviour 
of synchronous machines (while damping pulsations) but they also affect the magnitude of current 
ripples while feeding the machine from semiconductor converters. A suitably chosen value of in-
ductance then affects also its overloadability and power factor as the inductance is a main parameter 
of the machine as a power consuming element.

 6.2.1 Magnetizing Inductance

The magnetizing  inductance  expresses 
a mutual connection between stator and 
rotor, whereas it is in any form present 
in case of all electric machines. A will 
be  shown  later,  its  value  is  tightly 
bound  to  the  air  gap  size,  whereas  it 
may  be  also  affected  by  presence  of 
permanent  magnets.  The  magnetizing 
inductance value may be derived from 
magnetic  field  of  one  single  winding 
turn,  which  generates  a  rectangular 
magnetic field with amplitude of magnetomotive force

Ft=I m . (6.12)

The amplitude of fundamental harmonic component of this field is

F1=
4
π

I m , (6.13)

whereas in reality the winding is formed by Ns winding turns in series, which together have funda-
mental winding component winding factor  kw1 and they are spread over 2p poles. For one whole 
phase may be therefore written

Fm1=
4
π
⋅

N s kw 1 I m

2 p
. (6.14)
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In  case  of  generally  m-phase  machine  the  amplitude  of  the  magnetomotive  force  increases 
m/2-times, thus the relation (6.14) verges to

Fm=
m
π
⋅

N s kw 1 I m

p
, (6.15)

which is the amplitude of armature rotary magnetic field. Knowing electromagnetic length of the air 
gap δ‘, it is possible to write (neglecting saturation effects of the magnetic circuit)

H δ=
Fm

δ '
(6.16)

and the spacial layout of the magnetic field strength in the air gap is

H (ξ)=H δcos ξ . (6.17)

Now it is possible to derive the magnetizing inductance of the machine from magnetic energy in the 
air gap, whereas the magnetic filed energy density is

wm=∫B dH=μ0 H 2
=μ0 H δ

2 cos2
ξ . (6.18)

The total magnetic field energy in the air gap is then

W m=∫
V δ

wm dV=∫
0

li

∫
0

δ '

∫
0

p 2π

wm(ξ)d ξdr dz . (6.19)

After calculation the air gap magnetic field energy is

W m=
1
2
μ0(m

π
N s kw 1 I m)

2 t p li

pδ '
. (6.20)

The magnetic field energy in the air gap is for one phase

W m1=
1
2

Lμ I m
2 , (6.21)

whereas in case of m phases it is

W m=
m
2

W m1=
m
4

Lμ Im
2 . (6.22)

Using comparison with (6.20) we obtain
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Lμ=2μ0
m
p (

N sk w 1

π )
2 t p li

δ '
. (6.23)

The value derived in (6.23) then corresponds with non-saturated magnetizing inductance value. For 
obtaining its saturated value, it is necessary to use the air gap length considering saturation δ“.

 6.2.2 Leakage Inductance

The leakage inductance of machine winding expresses total energy of magnetic field which is not 
used for generation of the torque. This corresponds to leakage magnetic fields in slot and around 
winding overhangs, but also to harmonic components of magnetic field, which are not utilized to 
generation of torque. Thus it is necessary to calculate separately:

• slot leakage inductance

• winding overhang leakage inductance

• differential leakage inductance of magnetic field higher order harmonic components

The slot leakage is composed of magnetic field of a 
conductor in a slot (as shown in Fig. 6.3) and leakage 
magnetic  field  going  through  slot  opening.  For  a 
single conductor in a slot it might be derived

Lσw=μ0

h1

3 bs

lFe+μ0

ho

bo

lFe . (6.24)

But, this form is valid only for one shape of the slot, 
thus a more general expression is commonly used

Lσw=μ0 lFe(λs+λo) , (6.25)

where λs is the slot leakage factor
and λo is the slot opening leakage factor.

The inductance of a whole coil is given by a square of the number of the coil wires in series

Lσc=Lσ w Nw
2 , (6.26)

whereas the number of coil wires in series may be written as

Nw=2 N c=2
N s

2 pq
=

N s

pq
. (6.27)

One phase has then
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K f=
Q
m
=

2 pmq
m

=2 pq (6.28)

coils, thus the total value of the leakage inductance of slot part will be

Lσd=K f Lσ w Nw
2
=2 pq Lσw( N s

pq )
2

=2μ0

N s
2

pq
(λ s+λo) lFe . (6.29)

This relation is generally valid for single layer windings and tooth windings with coil sides beside 
each other, whereas the coefficients λs and λo are tabled in the literature according to the slot shape. 
In case of double layer three phase windings11 these coefficients are extended by coil pitch factors

kβ '=
1
4
(1+3β) (6.30)

and 

kβ=
1
4
(1+3kβ ') , (6.31)

thus for double layer three phase windings the slot leakage inductance is

Lσ s=2μ0

N s
2

pq
(λ s kβ+λo kβ ' )lFe . (6.32)

The  calculation  may  be  extended  by 
winding overhangs leakage factor in a 
very similar way.  The magnetic field 
in  the  area  of  winding  overhangs  is 
very complicated and except free space 
around winding overhangs it may enter 
constructional  parts  of  the  machine. 
This  corresponds  with  complexity  of 
its calculation, thus simplified relations 
are commonly used. One of most common is e.g. 

λo=0.34
q
l
( lo−0.64βt p) . (6.33)

The last component of the inductance is the differential leakage flux factor, which is tightly bound 
to the magnetizing inductance of the machine. If we mark the sum of coefficients of the slot leakage 
and slot opening leakage as λso, the final relation for calculation of leakage inductance is

11 In case of polyphase windings with m > 3 please refer appropriate literature.
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Lσ=2μ0

N s
2

pq
(λ so+λo) lFe+τdif Lμ , (6.34)

where for single layer windings we have

λ so=λs+λo (6.35)

and for more layers

λ so=λs kβ+λokβ ' (6.36)

while in case of usage of magnetic wedges the slot opening factor must be multiplied by relative 
permeability of used wedges (commonly about μr → 3 [11]).

 6.3 „Iron Resistance“

The only element of the equivalent circuit, which cannot be directly measured is so-called “iron res-
istance“, which represents the losses arising in the magnetic circuit in equivalent circuit of the ma-
chine. In equivalent circuits it is commonly being laid in parallel to the back EMF and it symbolizes 
iron core losses by a resistance with equivalent I2R losses. Thus if relation

Δ PFe=m RFe I Fe
2 , (6.37)

should be equal to

I Fe=
U i

RFe

(6.38)

from Ohms law, we obtain

Δ PFe=m
U i

2

RFe

. (6.39)

Thus the iron resistance results 

RFe=m
U i

2

ΔPFe

. (6.40)
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 7  Losses in Electric Machines
The calculation of losses is a crucial step for calculation of efficiency as well as for the purpose of 
calculation of thermal rise of the machine, since all generated losses – directly or not – cause the 
heating of the machine. This affects degradation of other parts of the machine – insulation ageing, 
degradation of bearing lubricant and together with thermal stretchability it also stresses mechanical 
components of the machine.

The exact composition of losses is specific according to the machine type, its topology and duty 
type. Losses appearing in all types of electric machines are I2R losses (Joule losses, ∆Pj), mechan-
ical losses (∆Pm),  iron core losses (∆PFe) and commonly losses related to armature slotting, i.e. 
either pulsation losses (∆Pp) or surface losses (∆Ps). Losses related to specific types of machines 
then include filed winding losses (∆Pf – synchronous and DC machines with electric excitation), 
permanent magnet losses (∆PPM – permanent magnet machines) an in case of machined fed from the 
power converter also related PWM losses (∆PPWM). Since there is some uncertainty of calculation of 
some kinds  of  losses and also some manufacturing imperfections occur  also some “additional” 
losses are considered (∆Padd), which are expressed in dependence on the size and power of the ma-
chines.

 7.1 I2R (Joule) losses

Losses caused by leading of the current through the winding are commonly designated “I2R losses” 
(which describes well their calculation), although foreign literature uses also the term Joule losses. 
In general they can arise in any winding of an electric machine, nevertheless for the design purposes 
the  I2R losses arising in the armature of the machine are distinguished from field winding losses 
(synchronous or DC machines) by designation ∆Pj vs. ∆Pf. Both types of losses result from the res-
istance of the winding and for the purpose of determination of efficiency and thermal rise they are 
calculated for rated temperature resistance12. The losses in the armature of generally m-phase ma-
chines are calculated according to

Δ P j=m R~ I2 , (7.1)

where R~ is the winding resistance at a certain frequency.

In the armature of DC machines the situation is simpler and the I2R losses can be calculated as

Δ P j=Ra I a
2 . (7.2)

The field winding I2R losses are then in similar way

Δ Pf=R f I f
2 . (7.3)

12 In some cases there is an additional reference temperature defined to have comparable data across e.g. traction 
machines.
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The losses arising in brushes while leading the current may be also considered  I2R losses. These 
losses, since the resistance of the brushes is relatively high, form a non-negligible part of losses and 
thy are calculated from brush voltage drop as

Δ Pb=U b I a , (7.4)

where the voltage drop on a brush can be determined according to brush material and its value 
should not exceed Ub = 1 V.

 7.2 Iron Core Losses

The iron core losses were partially described in relation to the description of the magnetic circuit in  
chapter  5.2. This type of losses relates generally to any part of electrically and magnetically con-
ducting parts of the magnetic circuit of the machine. According to the principle of generation of 
each loss component they can be divided to losses related to the main magnetic flux and losses 
arising due to slot harmonic components in massive as well as in sheeted parts of machine.

 7.2.1 Losses Generated by Magnetizing Magnetic Flux

The losses generated by the main magnetic flux arise in all parts of the machine which are utilized 
by the main magnetic flux and its value changes in time – i.e. especially in armature teeth and yoke.  
With reference to the chapter 5.2 we can summarize that these losses are separately calculated for 
armature teeth as

Δ Pt=k tt mtΔ pt , (7.5)

where ktt is the technological factor of teeth iron core losses (ktt = 1.5 … 2)
mt is total teeth mass

and ∆pt is the iron core loss density at given frequency t and magnetic flux density Bt as

Δ pt=Δ pref (
f

f ref
)
α

(
B

Bref
)
β

, (7.6)

where ∆pref is the iron core loss coefficient for reference values of frequency and flux density
α is the exponent of frequency, for common electrical steel sheets α ≈ 1.5

and β is the exponent of magnetic flux density, for common electrical steel sheets β ≈ 2.

In the same way the iron core losses for yoke are calculated

Δ P y=kty m yΔ py , (7.7)

where kty is the technological factor of teeth iron core losses (kty = 1.3 … 1.7)
my is total mass of the yoke

and ∆py is the iron core loss density at given frequency t and magnetic flux density Bj ob-
tained using (7.6).
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 7.2.2 Pulsation Losses

The pulsation losses arise in slotted parts of the machine 
where two slotted parts move against each other. A typ-
ical  example  if  such  a  system are  induction  machines 
where the rotor armature rotates in stator armature – both 
of them are slotted and each of them generates pulsations 
of  the  air  gap  magnetic  flux  density.  These  pulsations 
move with each part and they generate flux ripples in the 
opposite part – the pulsations generated by stator slotting 
generate ripples in rotor teeth et vice versa – pulsations 
generated by rotor teeth cause flux ripples in stator teeth. These pulsations cause quick changes in 
teeth magnetization and thus they generate additional component of iron core losses in teeth.

The pulsation losses are one of loss component, which is determined in each literature different, in 
most cases using empiric relations. In comparison with measurement the relations mentioned in [3] 
correspond very well, whereas the pulsation losses in the stator are calculated as

Δ Ppuls1=8.3Δ pe( Q2 n
10000 )

2

(
Bp 1

Bref
)

2

mt 1 , (7.8)

where ∆pe is the eddy current loss coefficient at reference frequency and magnetic flux density,
whereas it is possible to use value of ∆pe = 0.5 ∆pref,

Q2 is the number of rotor slots,
n is the speed of the machine in revolutions per minute,
mt1 is the mass of stator teeth,
Bref is the reference value of magnetic flux density

and Bp1 is the amplitude of magnetic flux density pulsations in stator teeth calculated as

B p 1=
t s 2

2 t s 1

kC 1(kC 2−1)Bt 1 , (7.9)

where ts1 is the stator slot pitch,
ts2 is the rotor slot pitch,
kC1 is the stator Carter factor,
kC2 is the rotor Carter factor

and Bt1 is the stator teeth magnetic flux density.

In the same way the rotor pulsation losses are

Δ Ppuls2=8.3Δ pa( Q1 n
10000 )

2

(
B p 2

B ref
)

2

mt 2 (7.10)

with pulsation magnitude
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B p 2=
t s 1

2 t s 2

kC 2(kC 1−1)Bt 2 . (7.11)

Similar loss generation mechanism occurs also in case of some types of synchronous machines (ma-
chines equipped with damper, cylindrical rotor machines), reluctance machines with flux barriers 
and in direct current machines equipped with compensation winding.

 7.2.3 Surface Losses

Similarly to pulsation losses the surface losses are gener-
ated by slot effects. In this case the slots do not create 
pulsations  in  opposite  slotted  surface  but  they  form  a 
travelling wave over a massive surface. This wave gener-
ates  eddy  currents  and  losses.  This  surface  may  be  a 
massive  pole  shoe  (salient  pole  rotor  synchronous  ma-
chine, DC machine) or a massive rotor (cylindrical rotor 
synchronous machines) Also in case of this type of losses 
the approaches of different references differ and they cite 
mostly empiric relations. A very often used for is

Δ Ps=√ γ

2πμ
S ps t s

2 Bp
2 f p

1.5 , (7.12)

where γ is the conductivity of pole shoe material,
μ is the pole shoe permeability,
Sps is the total area of pole shoes,
ts is the slot pitch of opposite armature,

and Bp is the pulsations amplitude calculated as 

B p=(1−
1
kC
)Bδ , (7.13)

where kC is the Carter factor
and Bδ is the amplitude of the air gap magnetic flux density.

The pulsations frequency is similarly to case of pulsation losses 

f p=
Qn

10000
, (7.14)

where Q is the number of lots of opposite armature
and n is the rotational speed of the rotor.
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Since  the  ratio  between  conductivity  and 
permeability of the pole shoe material may 
be very hard to de fine, it is often used as a 
dedicated number ks – coefficient of surface 
losses, which modifies (7.12) to

Δ Ps=k s Sps t s
2 B p

2 f p
1.5 , (7.15)

Common values of this coefficient are shown in table 7.1.

 7.3 Permanent Magnet Losses

Although  permanent  magnets  are  considered  a 
purely passive part of the magnetic circuit which 
generates no losses, in reality they have their own 
conductivity,  thus they are able to generate eddy 
currents. These eddy currents may be generated by 
slotting of the machines (in case of surface moun-
ted  permanent  magnets)  as  well  as  by  magnetic 
flux pulsations generated by current ripples from 
semiconductor  power  supplies.  However  the 
source is the eddy currents may be calculated using 
eddy current analysis and they result for a certain 
harmonic component 

Δ PPM ν=
1

16
⋅
αν

2

ζν
Bν

2
γPMων

2 bPM
2 ( sinh ζν−sin ζν

cosh ζν−cosζν )bPM lPM hPM , (7.16)

where αν is the harmonic component coverage factor (in interval 2/π  … 1  according to its
wavelength),

ων is the angular speed of the harmonic component,
Bν is the magnitude of pulsations of the harmonic component,

and ζν is the proportional penetration depth of the harmonic component according to

ζν=
bPM

aν
, (7.17)

where bPM is the width of the permanent magnet
and aν is the penetration depth 

aν=√
2

ων γPM μPM

. (7.18)
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Fig. 7.3: Eddy currents induced into  
permanent magnet volume
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Tab. 7.1: Values of surface losses factors
according to used materials (translation from [3])

material

construction steel 23.3

grey cast iron 17.3

low silicon steel (2 mm) 8.6

2.5

1.5

k
s
 [-]

low silicon steel (0.5 mm)

high silicon steel (0.5 mm)
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The remaining parameters are parameters of the permanent magnet itself – its conductivity γPM, per-
meability μPM, length lPM and height hPM. It is obvious, that using this approach only losses in one 
permanent magnet and for one harmonic component may be calculated, thus it is necessary to make 
a sum over the number of permanent magnets and harmonic components: 

Δ PPM=nPM∑
ν ,μ

Δ PPM ν ,μ , (7.19)

where nPM is the total number of permanent magnets in the machine
and ν, μ are designations of orders of time and spatial harmonic components.

From the equation (7.16) one more conclusion can 
be recognized – and it is a dependence of perman-
ent  magnet  losses  on its  width  and volume.  Be-
cause of this reason it  is suitable to manufacture 
the permanent magnets as segmented, which leads 
to similar way of reduction of losses as in cae of 
electrical steel sheets. This inspired Arnold Mag-
netics to introduce laminated permanent magnets, 
i.e.  permanent  magnets  made of  thin  electrically 
insulated segments [12].

Considering calculation demands on estimation of permanent magnet losses (necessary knowledge 
of air gap magnetic field, power supply etc.) they are often evaluated empirically as one per cent of  
the output power or using simplified relations [13].

 7.4 Mechanical Losses

The mechanical losses belong to most complicated losses for calculation, since they depend on 
many parameters, which are by their nature heavily describable. This results in uncertainty in evalu-
ation of mechanical losses and in a large variability of relations used for their calculation. These 
losses include all mechanical interactions in the machine, which lower its output power – rotor air 
friction, fan friction, bearing friction and friction of brushes on commutator or slip-rings. All these 
mechanism are affected by surface roughness, viscosity of cooling medium and properties of chosen 
bearing. The result is then very hardly describable system.

 7.4.1 Rotor Movement Caused Losses

There is a while set of relations which try to approximate the losses caused by rotor movement (see 
e.g. [4], which includes a few of them), but a really qualified estimation may be base only on meas-
urement performed on a set of similar machines. As one of compromising relations the equation 
from [3] may be mentioned:

Δ Pm=km D(l+0,83
⋅0,6 t p)v

2 , (7.20)
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where km is the mechanical loss coefficient,
D is the rotor diameter,
l is the rotor length,
tp is the pole pitch

and v is the surface speed of the rotor, i.e. 

v=
πD n
60

. (7.21)

The rotor geometry and the cooling 
type  are  respected  through  the 
mechanical loss coefficient.  Its  ap-
proximate  values  are  shown  in 
table 7.2 where  the  highest  values 
correspond with machines having a 
radial fan on the shaft, medium val-
ues to machines with axial fans and the lowest value belongs to hydrogen cooled machines, which 
is given by its low viscosity.

 7.4.2 Losses Caused by Brush Friction

In comparison to previous components of losses the brush friction losses are relatively easy to be 
calculated, wince if we use relation

Δ Pbf=Fb vc , (7.22)

where Fb is the brush friction force
and vc is the commutator peripheral speed

vc=
πD c n

60
, (7.23)

where Dc is the commutator diameter
and n is the number of machine revolutions per minute,
we can substitute the friction force by 

Fb=k t Sb pb , (7.24)

where kt is the brush friction coefficient (commonly between 0.15 – 0.5; mostly below 0.2),
Sb is the brush cross-section

and pb is the brush pressure (set in interval from 15 to 70 kPa).

Then we obtain
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Tab. 7.2: The values of mechanical losses factors
for different cooling types (translation from [3])

cooling type

TEFC, fan on shaft 15

opened machine with fan on shaft 8 – 10

cylindrical rotor air cooled 5

cylindrical rotor hydrogen cooled < 3

k
m
 [-]
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Δ Pbf=k t Sb pb vc . (7.25)

This relation results from measurable values and it is easily verificable.

 7.5 Additional Losses

The additional losses are determined purely empirically except cases when it is necessary to determ-
ine losses in some critical part. In these cases the finite element method is commonly used (e.g. in 
case of turbo alternator press boards etc.). An empiric estimation of additional losses is simple as

Δ Padd=(0,2 ...1 %)Pn , (7.26)

where Pn is the rated machine power.

The choice of percentage depends mainly on the size of the machines, whereas the lower values are 
considered for turbo generators, 0.5 per cent for large machines and 1 per cent for small and me-
dium size motors.

 7.6 Pulse-Width Modulation Losses

The losses generated by pulse-width modulation belong to one of most complex elements of losses, 
since the voltage impulses cause insulation heating by displacement current, current ripples result-
ing in winding eddy currents and magnetic flux pulsations superimposing to main magnetic flux and 
heating the magnetic circuit. Their exact determination is very demanding and in many cases for 
evaluation of PWM losses the experience from previous measurements on certain machine with cer-
tain control type is used.

A general approach to analysis  of machines supplied from semiconductor power sources is de-
scribed in CLC/TS 60034-25 [14], whereas one of the conclusions is that the losses may increase by 
20 per cent. The total losses in a machine fed by power converter considering PWM losses may be 
then estimated as

Δ PPWM=1.2ΔP sin , (7.27)

where ∆Psin is the sum of losses calculated for sine-wave power supply.

 7.7 Machine Efficiency

The total efficiency of the machine is given by ratio between output and input power, i.e. 

η=
P

P in

=
P

P+Δ P
, (7.28)

where ∆P is the sum of losses at rated temperature and power unless stated else. Depending on
power supply type the efficiency or losses can give either sine wave of PWM value.
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 8  General Approach for Design of an Electric Machine
While looking to Appendices 1 to 3 it is obvious, 
that the general approach for electric machine cal-
culation is from a large part common for all elec-
tric machines and it differs more or less in machine 
type specific parts. It is also necessary to note that 
shown approach is focused on design of a machine 
with required rated parameters. By a modification 
of operation order it is possible to modify the se-
quence to obtain a machine with maximal output 
power while filling given space although its rated 
parameters are not known before the calculation. 
This  approach  is  often  used  in  electric  traction, 
where the machine space is very limited and it is 
requested to achieve optimal usage of given space.

The main input for approaches shown in Appendices 1 to 3 are the rated parameters of the machine, 
which  may  be  supplemented  by  further  limitations  –  maximal  machine  diameter,  its  maximal 
length, overloadability or maximal current in a certain duty cycle. These values are commonly bind-
ing, nevertheless some of the change during the design of the machine together with changes of the 
dimensions or equivalent circuit parameters. A typical example is the power factor of the machine, 
which is in certain cases more advantageous to have its lower value than originally requested.

As can be seen from shown flow charts, the whole procedure is affected by a set of parameters – 
from designer’s parameters like some factors obtained from the experience, through material coeffi-
cients like saturation, up to “boundary conditions” giving a cooling type of the machine. A whole 
set of these parameters is being changed and corrected during the calculation, hence it depends 
mainly on designer’s experience how exactly is he able to estimate these coefficients at the begin-
ning of the design process.

Among all of these parameters it is necessary to de-
cide about the fundamental machine  parameters like 
its number of poles and slots, from which the winding 
design results. Further it is possible to estimate the di-
mensions of the machine. At this point it is necessary 
to iterate the values of the air gap magnetic flux dens-
ity or linear current density to have an integral num-
ber of conductors in a slot,  in case of double layer 
winding  further  dividable  by  two.  In  case  of  large 
armature currents it is also necessary to decide about 
possible parallel winding branches.

In the next stage it is necessary to derive the design of the armature magnetic circuit on base of 
known winding parameters (number of slots, number of conductors in a slot, number of parallel 
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wires, insulation layers etc.) and cooling circuit (radial/axial cooling ducts). On base of resulting 
magnetic flux densities it is then necessary to decide on manufacturability of the magnetic circuit,  
which in case of extreme deviations leads to necessity of modification of e.g. linear current density 
value or the number of machine slots.

The next step is related to the machine type and to 
design of a component, which is electromagnetic-
ally bound to the armature. In case of DC and syn-
chronous machines it is related to the field winding 
design (on stator or on rotor), in case of induction 
machines it is related to the design of rotor arma-
ture. Even in this case an important result  is the 
manufacturability  of  the  resulting  design,  which 
could lead back to recalculation of the power equation and change of dimensions (machine diamet-
ers) or electromagnetic parameters  - air gap magnetic flux density or linear current density.

After finishing the electromagnetic design with both stator and rotor windings it is possible to cal-
culate the equivalent circuit parameters. This is a purely analytical process leading to the construc-
tion of the phasor diagram including also the calculation of resistances which are necessary for cal-
culation of losses. Using phasor diagram it is possible to verify the power factor of the machine and 
its back EMF value, which, in case that they do not correspond with inputs of given iteration, lead 
to modification of these inputs and recalculation of the electromagnetic design.

The following loss calculation is crucial both for calculation of the efficiency of the machine and 
also for following thermal and ventilation calculations. In case that some of these steps does not 
correspond with input variables, it is – again – necessary to recalculate the whole design with ap-
propriately modified variables.

The last step which influences the electromagnetic design is the thermal and ventilation calculation. 
From given losses an equivalent thermal circuit is constructed and it is supplemented by cooling 
conditions in each part of the machine. The result is thermal rise of the machine, which should 
again correspond with expected thermal class of the insulation. In case the thermal rise is too low or 
too high it is necessary to modify the design to achieve an optimally designed and non-overheating 
machine.

The result is a knowledge of the machine on both geometric an electromagnetic, which is necessary 
for creation of machine documentation.

During the whole design process it is suitable to perform verification using calculation software. In 
case of simpler problems this may include Matlab or GNU/Octave which can help to determine 
some coefficients during the calculation of the machine. For more complicated tasks it is suitable to  
use the finite element method (FEMM, ANSYS), which allow also the verification of equivalent cir-
cuit parameters of selected load states.
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 9  Specific Parts of DC Machine Design
The design of a direct current machine is one of 
most complex and demanding designs of all elec-
tric machines. Its full calculation includes designs 
of:

• armature winding (with optional equalizing 
connections of 1st and 2nd order)

• stator and rotor magnetic circuits

• excitation

• interpoles

• compensation winding

• commutator

• brushes

Depending on size of the machine the design of smaller machines is being simplified where inter-
poles and compensation windings are not used.

The requirements for calculation of a DC machine should include following information:

rated power of the machine Pr [W]

rated armature voltage Ur [V]

rated speed n [rpm]

duty type motor/generator

excitation type field winding connection13/permanent magnets

cooling type IC code

protection class IP code

construction and mounting arrangement IM code

These may be further supplemented by additional specific requirements like dimensions, efficiency 
or winding temperature rise.

 9.1 Calculation of Fundamental Dimensions of the Machine

Based on given requirements it is then possible to choice of designer’s parameters, i.e. parameters 
necessary for the electromagnetic calculation itself. The values of linear current density A is com-
monly in case of DC machines chosen in range of 20 000 to 40 000 A/m, whereas according to the 
insulation class and cooling type it is possible to step outside these borders. The air gap magnetic 

13 In case of externally excited machines also field winding voltage Uf [V].
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flux density Bδ is commonly chosen between 0.6 and 1.05 T,  where lower values correspond with 
smaller machines and higher values with large machines equipped with compensation winding and 
interpoles.

The electromagnetic coefficients αδ and kB have been already mentioned in chapter 2 and regarding 
to a will of achieving possibly flattest air gap magnetic flux density the electromagnetic pole cover-
age factor is being chosen up to 0.7 and in case of small machines stamped of whole steel sheets it 
can achieve even higher values. This corresponds also to high mechanical pole coverage factor αm, 
which is commonly between 0.7 and 0.8. The magnetic field shape factor kB is in case of DC ma-
chines commonly around one, usually slightly higher (1.03 to 1.05).

The value of the electromotive force factor kE must be estimated on base of supposed duty type of 
the machine – in case of generators it is between 1.0 and 1.1, in case of motors between 0.9 – 1.0. 
Since it is a ratio defined by

k E=
U i

U r

, (9.1)

it is possible to estimate it on base of back EMF value determined from presumed current value and 
from the armature resistance as

U i=U r+Ra Ir+U b , (9.2)

where Ra is the armature resistance,
Ir is the armature rated current

and Ub is the voltage drop on brushes.

The choice of the number of pole-pairs can be base on two independent views. The first one is the 
resulting frequency of the magnetic field in the armature, which is commonly (traditionally) chosen 
to be near to 50 Hz, even if this is not a hard condition. The the number of pole-pairs is

p≈
60 f

n
. (9.3)

The second point of view is formed by possibilities of the manufacturer, who may limit the dimen-
sions of manufactured pole and also the pole pitch.  Regarding this  fact the number of poles is 
chosen as

2 p=
πD2

t p2

, (9.4)

where tp2 is the excitation pole pitch.

Historically the limit was commonly between tp2 = 300 to 400 mm.
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The last parameter to be chosen is the winding cur-
rent  density  J,  which is  chosen in  range of 4 to 
6 A/mm2 depending on armature cooling type. The 
reason of choosing such a low current densities is 
the  fact  that  the  armature  winding  is  relatively 
poorly cooled, especially in area of winding over-
hangs, where it is fixed by multiple bonding layers, 
which  worsens  the  transmission  of  heat  to  outer 
air.

In the design of the winding the limiting factor is 
the  voltage  between adjacent  lamellae  Ul,  which 
should be lower than 20 V and for smooth machine operation it is commonly chosen between 12 
and 15 V. This voltage is divided between

K p=
K

2 p
(9.5)

lamellae, hence for achieving sufficiently low voltage between lamellae it is necessary to use

K=2 p
U
U l

(9.6)

lamellae. Now it is possible to derive the minimal number of slots as

Q=
K
u

. (9.7)

This number is being adjusted further as for elimination of magnetic “gluing” of rotor teeth against 
main poles the number of slots per pole tps is being chosen to be an integer increased by ½ and in 
case of larger machines it is chosen to be tps ≥ 10. Except the topological design of the winding it-
self, one of important outputs is the winding pitch factor ky, which is further used for calculation of 
machine dimensions from the power equation.

In case of DC machines the power equation is in form

Pi=C D1
2 lin , (9.8)

where one of the input dimensions may be previously given. If a given outer machine diameter of 
the machine De is requested, it is necessary to choose D1 according to experience of using relations 
mentioned in the literature  [4]. The inner power of the machine then results from electromotive 
force factor as

Pi=k E Pn . (9.9)
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Using known value of machine total current It, which results from linear current density

I t=πD1 A (9.10)

or

It=V
I

2a=

=V s 2 a=
I

2a=

=2 N s 2a=
I

2a=

=2 N s I , (9.11)

where V is the total number of armature conductors
and Vs is the number of conductors in series,

it is possible to derive the necessary number of armature winding turns in series, which results from 
comparison of (9.10) and (9.11) 

N s=
πD1 A

2 I
. (9.12)

This must result an integral number, otherwise it is necessary to round it and modify the linear cur-
rent density value and perform a new calculation to achieve correct result.

In the same way it is possible to express the total current through the machine using the number of 
conductors in a slot Vc as

It=V c Q
I

2a=

, (9.13)

which gives by comparison with one of results of (9.11) 

V c=
4 a= N s

Q
, (9.14)

which must be again an integral number, which must be further dividable by the number of coil 
sides in a slot 2u, otherwise it is necessary to modify the value of the linear current density A again.

The number of a single coil turns may be derived from

N c=
V c

2u
. (9.15)

After determination of the winding topology it is possible to perform the design of armature mag-
netic circuit, whereas the starting point is formed by slot dimensions which result from chosen cur-
rent density. The slot dimensions are then given by a sum of wire dimensions and used insulation 
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layers, whereas the wire cross-section results directly from armature current Ir, number of pairs of 
parallel winding branches a= and chosen winding current density J:

SCu=
I r

2a= J
, (9.16)

whereas the conductor itself may be chosen from EN 60317 standard. In case when no wire cross-
section is available, it is possible to introduce more parallel winding wires  np and wind them to-
gether.

In terms of dimensioning of the magnetic circuit, it is again necessary to take into account the used 
cooling type of the machine. As approximate values it is possible to use magnetic flux densities 2.2 
to 2.5 T in area of rectangular slot bottom, 1.7 – 2.0 T in area of armature between teeth with paral-
lel walls. The magnetic flux densities in the armature yoke should not exceed 1.3 to 1.4 T, whereas 
lower values correspond with machines with larger pole pitch.

 9.2 The design of DC Machine Excitation

The magnetic flux densities for excitation poles loaded by direct current magnetic flux the common 
values are between 1.5 and 1.7 T and in case of cast iron they are lowered to 1.1 to 1.2 T. In case of 
alternating magnetic flux and excitation poles made of electrical steel sheets, the chosen values are 
slightly higher, i.e. between 1.2 and 1.4 T.

The air gap size is in case of DC machines chosen according to empiric relations, although these re-
lations are not obligatory. From the air gap size choice point of view, the important parameter is that 
the value of magnetomotive force is proportional to the air gap size, thus with increasing air gap 
length the excitation current and necessary number of excitation coil turns increase. The lower limit 
is approximately  0.2 mm,  which relates to very small machines with stiff rotor and small bearing 
clearances. From empiric relations it is possible to mention

δ>
D1

1000
(9.17)

or

δ=kδ t p1
A
Bδ

⋅10−6 , (9.18)

where the coefficient kδ is chosen between 0.3 and 0.5 for machines between compensation winding 
and 0.2 to 0.3 for machines equipped with compensation winding. For the purpose of construction 
of the machine the air gaps smaller than 5 mm are rounded to tenths of millimetre, larger air gaps to 
halves of millimetre.

For the purpose of excitation of DC machines traditional methods are used (i.e. serial, shunt and ex-
ternal excitation) as well as permanent magnets are. In their case almost all types of permanent 
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magnets are used – ferrites in case of small machines, neodymium-iron-boron (NdFeB) in common 
machines and in some special applications samarium-cobalt (SmCo) or AlNiCo. In relation to men-
tioned methods the design of permanent magnets is simplest part and it is practically the design of 
external excitation.

The principle of the design is the solution of magnetic circuit where the permanent magnet acts as a 
real voltage source. Its magnetomotive force must be equal to the sum of magnetomotive force 
drops over the whole magnetic circuits and it must also overcome its own reluctance. The magneto-
motive force supplied by the permanent magnet is

FPM=H c ϑhPM , (9.19)

where Hcϑ is the coercive force of the permanent magnet14 at rated temperature
and hPM is the height of permanent magnets.

This permanent magnet has also its inner reluctance, which causes magnetomotive force drop of

ΘPM=H PM hPM , (9.20)

where HPM is the magnetic field strength in permanent magnets.

It is necessary to determine the magnetic field strength HPM from magnetic flux through permanent 
magnets including interpole leakage 

ΦPM=(1+kσ)Φδ , (9.21)

where the dimensions of the permanent magnets can be substituted

ΦPM=BPM bPM lPM (9.22)

or

Φδ=αδBδ t p li , (9.23)

which gives, after substitution and modification, the magnetic flux density in the permanent magnet

BPM=(1+kσ)αδ Bδ

t pli

bPM lPM

(9.24)

from which the magnetic field strength in permanent magnets results

14 It is necessary to distinguish between intrinsic coercive force Hci and “external” coercive force Hc. For the purpose 
of design of the machine magnetic circuit the Hc is the important one, whereas the value of Hci is important when 
analysing the possible risk of  permanent magnet  demagnetization.  The difference between both values  is  well 
recognizable from data sheets [15].
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HPM=
BPM

μPM

, (9.25)

whereas the permeability of the permanent magnets may be determined from rated parameters of 
chosen type of permanent magnets at room temperature as

μPM=
Br 20

H c 20

. (9.26)

The condition of solvability of this problem is that the permanent magnet flux density and its mag-
netic field strength must be lower than its remanence and coercive force (Brϑ and Hcϑ) at rated tem-
perature.

For a known design of a magnetic circuit it is possible to calculate the total magnetomotive force 
drop

∑Θ=Θy 1+Θ y2+2(Θt+Θp+Θδ) , (9.27)

which must be equal to magnetomotive force of permanent magnets

2 FPM=2ΘPM+∑Θ , (9.28)

which gives, after calculation, the height of permanent magnets

hPM=
∑Θ

2(H cϑ−H PM)
. (9.29)

As seen from (9.29) the magnetic field strength in permanent magnets must be lower than their co-
ercive force at rated temperature to obtain physically correct solution. Similarly for HPM → Hcϑ the 
permanent magnets result very thick, thus it is suitable to change the width of permanent magnets or 
the air gap magnetic flux density.

A very similar approach is used for design of external excitation. An additional input is in this case 
the field winding voltage, which is commonly standardized in series Uf = 65, 110, 220 or 440 V, but 
also other values may be used [16]. The main problem is then to design a winding to have a resist-
ance, which would correspond with relation

U b=Rb I b , (9.30)

where field winding coils having Nf turns connect into resies and their resistance is then

Rf=
1
γCuϑ

⋅
2 p N f lf

S f

, (9.31)
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where lf is the average length of field winding turn
and Sf is the cross-section of the field winding wire.

After substitution to (9.30) the multiplication of NfIf appears having a meaning of one field winding 
coil magnetomotive force which must be equal to magnetomotive force drop on magnetic circuit of 
the machine, thus we have

U f=
1
γCuϑ

⋅
2 p lf

S f
∑Θ (9.32)

and the suitable wire cross-section is

S f=
2 p lf∑Θ

γCuϑU f

. (9.33)

An  equivalent  design 
is used also in case of 
shunt excitation, while 
in  this  case  the  field 
winding  voltage  is 
considered  to  be 
90 per cent of the ter-
minal  voltage,  i.e.  in 
case of shunt excitation the relation (9.33) verges to

S f=
2 p lf∑Θ

0.9γCuϑU f

. (9.34)

In  case  of  serial  excitation  the  field  winding 
current is identical to the rated current of the 
machine, thus it is necessary to derive the num-
ber of field winding turns from the value of the 
rated current. Considering slight demagnetiza-
tion due to armature reaction the sum of mag-
netomotive force drops is being increased by 5 
per cent, i.e. the number of field winding turns 
results

N f=1.05
∑Θ

I r

(9.35)

and the winding cross-section is designed according to required current density to
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Fig. 9.3: Shunt (left) and serial (right) connection of field winding

Fig. 9.4: Deformation of no-load characteristic  
due to demagnetization effects
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S f=
I r

J f

, (9.36)

whereas the current density of the field winding is commonly set to 1.5 to 3.5 A/mm2.

 9.3 The Design of Interpoles and Compensation Winding

As  a  more  common  optional 
component of DC machines the 
interpoles are used.  The inter-
poles are supposed to suppress 
remaining  reactive  voltage  of 
the armature and thus improve 
the  commutation  of  the  ma-
chine by achieving zero air gap 
magnetic flux density between 
main poles.  To achieve a per-
fect  compensation  the  mag-
netomotive  force  of  interpoles 
must  be  proportional  to  the 
armature magnetomotive force, 
hence  they  are  connected  in 
series with the armature wind-
ing.  Consequently  the  com-
pensation  should  be  linear  in 
whole  working  range  of  the 
current,  i.e.  even  interpoles 
must  be dimensioned to  work 
in  non-saturated  part  of  the 
B-H  curve  of  their  material. 
This  is  why  their  rated  mag-
netic  flux  density  is  being 
chosen  only  between  1.1  to 
1.3 T. As a result of the machine design the interpoles result relatively thin and high, so the inter-
pole winding is located as near to the air gap as possible to reduce the leakage magnetic flux of the 
interpoles (expressed by kσ), which is often higher than 1. Such a high value of the interpole leakage 
flux coefficient is given by relatively large air gap between interpoles and armature, which is often 
being chosen 1.5 to twice as long as the mechanical air gap, as well as by the nearby main poles.  
The magnetomotive force to compensate then results from the presence of compensation winding in 
the machine and if the machine is not equipped by the compensation winding, the remaining mag-
netomotive force to be compensated is
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Fig. 9.5: Magnetomotive force curves for each machine winding
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Fan=
1
2

A t p , (9.37)

while in case the machine is equipped by compensation winding its value is

Fac=
1
2
(1−αδ) A tp . (9.38)

The reactive magnetomotive force is then given by time variation of the current in commutating coil

ur=L
di
dt

, (9.39)

which may be transcribed to differential in form of

U r=L
Δ I
Δ t

, (9.40)

where ∆I is the current difference, i.e. transition from value +Ir to -Ir,
∆t is the commutation time Tc

and L is  the  inductance  of  commutating  coil,  which  may  be  calculated  analogically
to (6.25) as

L=μ0λ c N c
2 lFe , (9.41)

where λc is the commutating coil reluctance factor
and Nc is the number of its turns.

The reactive voltage is then given by

U r=2μ0λc N c
2lFe

I r

T k

. (9.42)

The rated current may be substituted from modification of (9.12) 

Ir=
πD1 A

2N s

, (9.43)

where the number of winding turns in series is given by the number of coil sides in a slot, number 
of slots and the number of coil turns, i.e.

N s=uQ N c . (9.44)
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After substitution to (9.43) we obtain 

Ir=
πD1 A

2u Q Nc

, (9.45)

where the multiplication of the number of slots and the number of coil sides in a slot has a meaning 
of commutator lamellae and the ratio of armature circumference to the number of lamellae gives the 
lamellae pitch on the surface of the commutator

tl=
πD1

u Q
. (9.46)

After substitution of (9.45) into (9.42) we get

U r=2μ0λc N c
2lFe

tl

T c

⋅
A
N c

, (9.47)

where the number of coil turns reduces and the ratio between lamellae pitch and the commutation 
time gives the velocity of the brushes on the commutator. The result is then

U r=μ0λc N c lFe v A , (9.48)

where the commutating coil reluctance factor is approximately

λc≃
hs

bs

+2
lo

lFe

. (9.49)

The value of the magnetic reluctance factor together with permeability of the vacuum may be then 
substituted by so called Hobart factor 

ξ=
1
2
μ0λc , (9.50)

whose value is in range of (4 – 8).10-6. Using this factor the expression (9.48) verges to 

U r=2ξN c lFe v A . (9.51)

This voltage must be induced into commutating coil by its movement, i.e.

U r=2 N c Bc lFe v , (9.52)
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which gives the necessary magnetic flux density under interpole

B c=ξ A , (9.53)

whereas this relation is often being modified (due to leakage fluxes) to

B c=(1+
Ub

U r
)ξ A , (9.54)

where Ub is the voltage drop on the brushes.

At this magnetic flux density the magnetomotive force drop in the air gap is

Θi=
B k

μ0

δi (9.55)

and the necessary magnetomotive force of the interpoles is

Fi=Fan |ac+Θi , (9.56)

and the necessary number of interpole coil turns is

N i=
Fi

In

(9.57)

and  the  cross-section  of  the  wire  is  being  chosen  from current  density,  which  is  in  range  of 
2 to 4 A/mm2.

Since there is a large influence of manufacturing tolerances and the calculation itself it is necessary 
to adjust the interpoles after installation on a finished machine. This is being performed through 
magnetic or non-magnetic interlayers between the interpole and the yoke. They are installed in the 
area between the interpole and yoke to keep constant air gap under the interpole.

The design of the compensation winding is derived from the principle of its function, which is com-
pensation of the armature magnetomotive force. This is proportional to the armature current, thus 
the compensation winding is connected to series to the armature. It is being placed into slots in main 
pole shoes, which are opened or semiclosed, whereas it is necessary to achieve identical linear cur-
rent density of the compensation winding as of the armature. For a compensated machine it is valid, 
that the residual magnetomotive force to be compensated is

Fac=Fa+Fc=
1
2

A t p−
1
2
αδ A t p=

1
2
(1−αδ) A t p , (9.58)
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where Fa is the armature magnetomotive force
and Fc is the magnetomotive force of compensation winding.

The compensation winding is commonly performed in completely serial connection, i.e. the parallel 
branches are not used. On the pole shoe an even number of slots for compensation winding is being 
used (for the purpose of usage of pole composition of coils) and their slot pitch must be different 
from the armature slot pitch.  By successful compensation it is possible to lower the saturation of 
pole shoes and lower the field winding demands.

 9.4 Commutator Design

The design of the commutator and the 
number  of  commutator  lamellae  is 
bound  with  the  armature  winding 
design, whereas it is necessary to con-
sider a limitation of 20 V which is the 
maximal  acceptable  voltage  between 
neighbouring  lamellae.  From  the 
knowledge of the lamellae number and 
presumed  commutator  diameter, 
the lamellae pitch results

t c=
πD c

K
. (9.59)

The diameter of the commutator is in case of small  machines 
chosen  to  achieve  a  direct  connection  from  the  commutator 
lamellae to the armature coils, i.e. its diameter is 

Dc=D1−2 hs . (9.60)

In  other  cases  the  commutator  diameter  is  commonly  chosen 
between 0.6 to 0.8 of the armature diameter. The thickness of in-
sulation  between  lamellae  is  then  chosen  according  to  the 

voltage and size of the machine between 0.2 to 0.4 mm in case of small machines and 0.7 to 1.0 mm 
in case of medium size low voltage machines and 1.2 to 1.5 mm in case of large high voltage ma-
chines. The width of the lamella is commonly about 3 mm at its bottom. The maximal commutator 
length is 300 to 400 mm.

The dimensions of the brushes are standardized and it is necessary to choose them according to the 
resulting brush current density, which is commonly between 8 to 10 A/cm2. The current per brush 
set is then
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Fig. 9.6: The relation between armature and commutator  
diameters
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I p=
I
p

(9.61)

thus the necessary brush cross-section is

Sb=
I p

Jb

, (9.62)

where Jb is the brush current density.

If there is no brush available in tar-
get  dimensions,  it  is  possible  to 
choose  multiple  parallel  brushes. 
Because of manufacturing reasons at 
least  5  mm space  is  being  used 
between  parallel  brushes  whereas 
brushes  of  each polarity  should  be 
placed  interleaved.  On  base  of  the 
number  of  brushes  in  a  set  Nb the 
length  of  the  commutator  lamella 
results

ll=(N b+0,5)lb+(Nb−1)i+(25÷50)    [mm] , (9.63)

where lb is the length of a single brush
and i is the insulation distance between the brushes.

The brush itself should be overlapping over at least two commutator lamellae, whereas its width is 
in general proportional to the number of the coil sides in a slot layer u.
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Fig. 9.8: Commutator dimensions and brushes overlap
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 10  Specific Parts of Design of Synchronous Machines
Synchronous  Machines  form the  core 
of the energy generation industry and 
even through increasing fraction of al-
ternative energy resources the usage of 
synchronous  machines  a  key  part  for 
transformation  of  mechanical  energy 
into electrical energy while its genera-
tion. Similarly to DC machines which 
have have achieved maximal sophistic-
ation  in  terms  of  electromagnetic 
design (interpoles, compensation wind-
ing  etc.)  the  synchronous  machines 
have achieved maximal  sophistication 
in  terms of  used  technology,  whereas 
the synchronous machines were manufactured with combined water-hydrogen cooling thanks to 
which the greatest manufactured machine has achieved a power of 2 000 000 000 Watts. This ma-
chine was manufactured and tested in 2008 by Siemens [17]. Even through clear connection of syn-
chronous machines with power industry, their use is still expanding and especially due to possibility 
of active excitation control they gain increasing attention in automotive industry [18].

Similarly as in case of direct current machines the design may include some optional parts, but in  
general the components of the electromagnetic design include:

• armature winding

• magnetic circuits of stator and rotor

• excitation

• field winding power supply system

• damper

Depending on final application of the machine there is a large amount of variation and some com-
ponents do not have to be included at all. The input values for the design should included following 
information:

rated power of the machine Pr [W], optionally Sr [VA]

rated voltage Ur [V]

rated speed n [ot/min]

rated frequency f [Hz]

duty type motor/generator/compensator

excitation type permanent magnets/winding (incl. field winding voltage)
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Fig. 10.1: The rotor of a synchronous machine equipped 
with salient poles and exciter (in front)
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excitation power supply slip rings/contactless (exciter/rotary transformer)

protection type IP code

cooling type IC code

construction and mounting IM code

These and possible further requirements (maximal diameter, length, efficiency, temperature rise, re-
quirement of Xdn in case of generators etc.) then influence the choice of designer variables for the 
purpose of start of the machine design

 10.1 Determination of Fundamental Machine Dimensions

The synchronous machines are one of most variable machines regarding their size and power, thus 
there  is  also  a  large  variability  in  choice  of  designer’s  parameters.  As  already  mentioned  in 
chapter 2, in case of largest machines equipped with hydrogen cooling, which is commonly supple-
mented by direct water cooling, the synchronous machines may achieve values of linear current 
density up to 200  kA/m. With smaller machines and worse cooling technology this value drops 
down to 20  kA/m, which corresponds to small totally enclosed synchronous machines. In case of 
largest machines the air gap magnetic flux density may reach up to 1.1 T and with decreasing di-
mensions again it drops down to 0.6 T, whereas in case of smallest synchronous machines excited 
by ferrite permanent magnets it can go down under 0.3 T.

Similarly as in case of direct current machines it is necessary to consider the context of electromag-
netic and mechanical pole coverage factor, whereas in case of synchronous machines there is an ad-
ditional element of pole shoe curvature, which is used for shaping of the air gap magnetic flux dens-
ity. While the mechanical pole coverage factor αm can move within range of 0.6 to 0.8, the electro-
magnetic pole coverage factor αδ is commonly located only in range between 0.63 to 0.75. The elec-
tromotive force factor kE may be defined similarly as in case of direct current machines on base of 
the equivalent circuit, but in this case it is necessary to consider the phasor nature of all variables, 
i.e. the induced voltage value will be

Ū i=Ū−Ra Ī r− j Xaσ Ī r , (10.1)

and the electromotive force coefficient will be given by the ratio between sizes of the phasors  Ui 

and terminal (phase) voltage U 

k E=
U i

U
. (10.2)

The electromotive force factor is commonly chosen between 0.9 (motors) to 1.1 (generators), never-
theless since the total magnetic flux through the machine is given by the terminal voltage and the 
excited magnetic flux may be easily controlled, it is possible to consider kE = 115. In case of perman-

15 Because of this reason it is not referred in relation to synchronous machines in some literature at all.
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ent magnet synchronous machines the range of the electromotive force coefficient is even larger and 
it is necessary to consider the optimal control of the machine.

In case of machines fed from the power grid the number of machine pole pairs is bound to their  
speed and power grid frequency according to

p=
60 f

n
, (10.3)

in case of machines fed from semiconductor converters the number of pole pairs is chosen with re-
spect to losses and machine dimensions, in some case also with respect to possibility of introduction 
of the tooth winding into design of the machine, which leads, especially in case of larger machines, 
to large numbers of poles.

The last parameter related to machine size is used current density. The value of the current density 
starts at 3  A/mm2 in case of machines with worst cooling (high-voltage machines without water 
cooling of the stator winding) up to 15 A/mm2 in case of well cooled machines.

From the winding design point of view different requirements are laid on generators and on motors.  
Whereas in case of generators the main requirement is the quality of the back EMF, in case of mo-
tors the main requirement is smooth torque. In case of large generators the total harmonic distortion 
of the voltage is required to be THDU ≤ 2.5 % in case of smaller machines THDU ≤ 5 %. This re-
quirement is reflected in choice of large mounts of slots per pole and phase q (q → 7 to 10), or, if it 
is not possible to use such a high value of physical number of slots per pole and phase, at least a 
fractional winding with such a large numerator q0 is chosen ( q0 → 7 to 10 while keeping low value 
of denominator c ≤ 5). This leads to a large number of harmonic components while examination of 
Görges pattern, which is not suitable for motors [19].

In case of motors it is suitable to achieve possibly lowest volume of subharmonic components in the 
air gap. Thus an integral number of slots per pole and phase is being chosen to avoid generation of 
subharmonic components even though q may have a relatively low value.

A specific case are permanent magnet synchronous machines. In case of these machines the tooth 
windings are often used (y1s = 1), which have q smaller than one. These windings generate a large 
amount of harmonic components16. Nevertheless since the height of permanent magnets adds to the 
air gap length δ, these machines are more tolerant against air gap harmonic components than other 
machines.

Depending on available space it is possible to determine the initial number of slots on base of slot 
pitch according to 

Q=
π D1

t s1

, (10.4)

16 It is also necessary to note, that the volume of harmonic components in the stator magnetomotive force is further  
related to larger value of the differential leakage flux coefficient τdif, which affects the value of leakage inductance. 
Depending on chosen topology of the tooth winding the total inductance of the machine increases, whereas the 
leakage inductance may be higher than armature inductance.
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which is the modified to be dividable by the number of machine phases and all previously men-
tioned requirements to be met.

In contrast to DC machines, in case of AC machines the coil pitch is generally chosen to be shorter 
than the pole pitch to reduce harmonic components in magnetomotive force and back EMF (in case 
if three phase windings optimally β ≈ 5/6). In case of three phase machines the number of slots per 
pole is often chosen as a multiple of six, so the coil pitch is chosen as multiple of five which leads  
to optimal coil pitch shortening.

Based on chosen designer’s  parameters  it  is  possible  to  determine the Esson’s factor  and from 
power equation 

S i=C D1
2 lin (10.5)

also the dimensions of the machine. These may be somehow limited (requirement of axial height, 
outer  dimensions,  etc.).  The rated current  through machine then results  from terminal  apparent 
power

Ir=
S f

mU pn

. (10.6)

This current may be further divided into parallel branches, whereas their theoretical maximal num-
ber is equal to the number of machine poles. Their usage must be considered well as all imperfec-
tions during machine manufacture may lead to equalizing currents in the winding and additional 
losses. A current through one parallel branch Ia and so through one mathematical conductor may be 
determined from machine total current, which is

I c=πD1 A=m 2 N sa~ I a , (10.7)

which gives

I a=
πD1 A

2m N s a~

. (10.8)

Thus the number of winding turns in series is then

N s=
πD1 A

2 m a~ I a

=|I a=
I

a~|=
πD1 A

2m I
, (10.9)

which may be used for determination of the number of machine conductors

V=m 2 a~ N s . (10.10)
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Thus, per one slot we have

V s=
2m a~ N s

Q
=

2 ma~ N s

2 pmq
=

a~ N s

pq
(10.11)

conductors. This must be an integral number dividable by the number of coil sides in a slot . If this 
requirement is not met, it is necessary to modify the number of conductors in a slot Vs, which leads 
to modification of the number of winding turns in series Ns and also to modification of the linear 
current density A. This projects to the value of Esson’s factor C and further to machine dimensions.

A verification of correctness of determined number of winding turns may be performed using the 
back EMF value, from which we have

N s=
U i

4 k B kv 1Φδ f
. (10.12)

If the resulting value is different, there is an error in calculation and it must be checked.

In the next step it is possible to perform the design 
of the magnetic circuit. It is derived from calcula-
tion of necessary winding space and possible satur-
ation of the magnetic circuit. As limiting values the 
magnetic flux densities in tooth tips Bt1 in range of 
1.7  to 2.3  T are chosen for rectangular slots (and 
trapezoidal teeth), or in range of 1.7 to 2 T for rect-
angular  teeth.  From the  yoke saturation point  of 
view the magnetic flux densities are chosen lower 
because  of  its  length  in  case  of  machines  with 
lower number of poles (1.3 to 1.4  T for two pole 
machines), higher values are chosen for machines 
with higher number of poles (from eight pole ma-
chines in  range between 1.6  to 1.7  T).  For rotor 
poles and rotor yokes the values are similar to DC machines – between 1.3 to 1.5 T for poles, 1.4 to 
1.6 T for rotor yokes.

The air gap length is commonly in case of synchronous machines chosen with relation to required 
inductance value, although even in this case there is a certain lower limit which is given by manu-
facturing technology, mechanical properties and losses in pole shoes. Consequently it is necessary 
to respect the fact, that the value of direct axis inductance drops with increasing air gap length, 
which leads to necessity of stronger excitation (see machine phasor diagram). If no inductance re-
quirement is given, the air gap length is chosen according to empiric relation: 

δ=(0,3÷0,5)t p
A
Bδ

⋅10−6 [m] (10.13)

ESF II project of the University of West Bohemia no. CZ.02.2.69/0.0/0.0/18_056/0013239 103

Fig. 10.2: Magnetic circuit of a turbo 
generator during manufacture
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If there is a requirement on a certain value of the direct axis inductance 
or reactance, the following relation is used 

δ=40
t p A

Bδ(xd−xσ)⋅10−6 [m], (10.14)

where xd and xσ are  the  per  unit  values  of  direct  and  leakage
reactance of the machine.

The values of direct axis reactances are often required in power industry by the customer because of 
short-circuit behaviour of the machine. Commonly required values are shown in table 10.1.

 10.2 The Design of Excitation of Synchronous Machines

The synchronous machines can be, in general, divided to two large groups – electrically excited 
synchronous machines and permanent magnet synchronous machines. In case of electrically excited 
synchronous machines there are two main rotor topologies – cylindrical rotor, which has excitation 
winding placed in slots, and salient pole rotor, which has excitation winding formed to coils wound 
on poles17. A common part of these machines is the excitation, which may be performed using slip 
rings or as contactless excitation. In this case the excitation is performed via rotary transformer or 
via primary and secondary exciter, whereas the primary exciter is commonly a permanent magnet 
generator and the secondary exciter is again a synchronous generator with inverse construction and 
controllable excitation. Between the secondary exciter and excitation winding a rectifier is located. 
The excitation control is therefore made in the circuit between primary and secondary exciter.

The large cylindrical rotors are made of one single piece of steel, into which slots for excitation 
winding are milled. They are most commonly located on  2/3  of rotor periphery,  whereas the re-
maining third belongs to wide teeth – rotor poles.  The diameter of these machines is limited by 
mechanical strength of the rotor and excitation winding fixation to approximately 1.2  m,  which 
leads in case of large machines to a large rotor bearing pitch. In this case the rotor is relatively flex-
ible, whereas its flexibility is non-homogeneous. In the pole axis the rotor is stiffer than in teeth 
area, thus for achieving homogeneous stiffness transversal cuts are made into the wide teeth (so-
called Lafoon’s slots [20]).

In case of salient pole synchronous machines these poles are made as massive parts, eventually the 
pole shoes are made of electrical steel sheets or whole poles and pole shoes are composed of elec-
trical steel sheets. Into these pole shoes a squirrel cage may be implemented (complete or in sec-
tions) – so-called damper – whose task is to damp the sways of the rotor during load changes.

The permanent magnet synchronous machines are then very variable regarding placement of per-
manent magnets. However their rotor should be, with respect to usage of semiconductor power sup-
plies, made of electrical steel sheets. According to the art of permanent magnet placement of the ro-

17 Historically, the designation of turbo generator merges with cylindrical rotor machines and hydro generator with 
salient  pole  machines.  Considering  the  fact,  that  it  is  possible  to  construct  also  multiple  pole  machines  with 
cylindrical rotors, which offers also several advantages, this designation may be in many cases misleading.

ESF II project of the University of West Bohemia no. CZ.02.2.69/0.0/0.0/18_056/0013239 104

Tab. 10.1: Reference  
values of d-axis  
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tor they have properties more similar to cylindrical rotor machines (permanent magnets mounted on 
the rotor surface) or salient pole machines (machines with buried permanent magnets).

In case of electrically excited synchronous machines, it is necessary to consider two components, 
which must be overcome by the excitation – on the one hand the voltage drop on the leakage induct-
ance and on the other hand the armature reaction, which may have different value in d and q axes.

The saturation of the magnetic circuit is considered through construction of no-load characteristic of 
the machine (i.e. calculation of the magnetic circuit for 100 %, 115 % and 130 % of air gap mag-
netic flux) from magnetomotive force drops on each part of the magnetic circuit of the machine

Θ=∑
i

Θi=2(Θp+Θps+Θδ+Θt)+Θ y1+Θy 2 , (10.15)

where Θp is the magnetomotive force drop on poles,
Θps is the magnetomotive force drop on pole shoes,
Θδ is the magnetomotive force drop on the air gap,
Θt is the magnetomotive force drop on teeth

and Θyx are magnetomotive force drops on stator and rotor yoke.

Using this characteristic it is possible to determine the flattening of the air gap magnetic field so, 
that the no-load characteristic in the I. quadrant (see fig. 10.4) is supplemented by vertical addition 
of magnetomotive force of the stator to the IV. Quadrant. It has a sinusoidal shape with magnitude

Fa=
m
π

N sk w1

p
I m . (10.16)

The, step by step the magnetic flux density corresponding to the magnetomotive force curve is de-
termined to obtain real curve of the air gap magnetic flux density form which the fundamental har-
monic component B1 is obtained. Now let us mark the amplitude of the deformed curve as the amp-
litude of the fundamental harmonic component B1‘ of a curve, whose shape is identical to the real 
shape of the air gap magnetic flux density, but its magnitude drops in ratio
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Specific Parts of Design of Synchronous Machines

B ' (ξ)=
B1 '

B1

B(ξ) .

(10.17)

Using reverse approach it 
is  possible  to  obtain  via 
no-load  characteristic  the 
saturated  value  of  Fa‘. 
From  the  ratio  between 
the armature magnetomot-
ive force  Fa and it  satur-
ated  value  Fa‘  it  is  pos-
sible  to  determine  the 
armature  magnetic  field 
shape factor 

C1=
Fa

Fa '
.

(10.18)

The excitation of the syn-
chronous machine may be 
then calculated using pro-
cedure shown in fig. 10.5. 
The fundamental part is again the no-load characteristic of designed machine, which is in the y-axis 
marked in per-unit values of terminal voltage, whereas to the 100 per cent value the values of per 
unit voltage drops on stator resistance and leakage inductance are added  using phasor sum. The 
phasor  sum is  projected  over  the  no-load  characteristic  to  a  line  perpendicular  to  the  induced 
voltage. To this point the value Fa‘ is added on a line parallel to stator current. The distance between 
ending point of this construction and the 
origin  of  the  coordinate  system  then 
gives the value of required excitation at 
given load

In case of salient pole machines it is ne-
cessary to consider the variability of the 
air gap, which is mathematically respec-
ted using decomposition of the armature 
magnetomotive force Fa‘ to components 
Fd and  Fq.  If  we  fix  the  inner  power 
factor angle of the machine to ψ = 90°, 
the stator magnetic field will be aligned 
with rotor magnetic field and it is pos-
sible to define both components as
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Fig. 10.4: The determination of deformed shape
 of the magnetic flux density
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Fd=Fa ' sinψ
Fq=Fa ' cosψ

. (10.19)

To achieve possibly most sinusoidal magnetic field shape, a curvature of the pole shoes is per-
formed to achieve the air gap length according to

δ(ξ)=
δmin

cosξ
, (10.20)

where δmin is the mechanical air gap size.

This is relatively demanding re-
garding the manufacture of the 
rotor, therefore the curvature is 
in  praxis  made  using  arc  seg-
ment  only.  The  parameters  of 
this  arc  are  determined  from 
maximal  air  gap  length  δmax, 
which  is  ion  the  edges  of  the 
pole shoes set to 1.5 to 2 times 
of  the  mechanical  air  gap 
length.  The  pole  shoe  futher 
does  not  cover  the  whole pole 
pitch,  which  introduces  futher 
deformation  of  the  magnetic 
field,  which is very hard to be 
analytically  expressed.  This  is 
why  the  magnetic  field  shape 
factors in d and q axis are used 
to  determine the total  value of 
the  armature  reaction  in  each 
axis 

Fd '=Cd 1 Fd=Cd 1 Fa ' sinψ
Fq '=Cq 1 Fq=Cq 1 Fa ' cosψ

,

(10.21)

where Cd1 is  commonly  a
value between 0.7 to 0.85

and Cq1 has a value between 0.4 and 0.6.

The values of magnetic field deformation factors depend on mechanical pole coverage factor αm and 
ratio δmax/δmin,  whereas for common machines these values are often tabulated [4],  [3].  In specific 
cases it is necessary to perform their examination using numeric software or finite element method.
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Fig. 10.6: Dissolution of the armature reaction magnetomotive  
force to d and q components
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The practical construction for the purpose of determination of magnetomotive force for required 
load is developed from construction mentioned in case of cylindrical rotor machines. The base is 
again the no-load characteristic  ch0, which is drawn in voltage per units on the  y-axis and in real 
units of magnetomotive force on the x-axis (see fig. 10.7). The construction of a phasor diagram is 
put on the y-axis, whereas to the terminal voltage the voltage drops on stator resistance and leakage 
reactance in per units are added as phasors. In the next step the total value of the back EMF is pro-
jected via no-load characteristic to a line perpendicular to the back EMF with start in the origin of 
the coordinate system.

Similarly to cylindrical rotor synchron-
ous  machines  the  phasor  of  magneto-
motive force Fa‘ is drawn from the end-
ing point of previous construction (point 
F1) and in parallel to the machine cur-
rent. But, in this case it is necessary to 
respect the saliency of the machine and 
draw the armature  reaction in  form of 
components,  Fd1 a  Fq1,  which  result 
from the magnetic field factors  Cd1 and 
Cq1,  dissolution  of  the  armature  mag-
netomotive force to components d and q 
and inner power factor angle ψ, which is 
constrained by phasors Fq‘ and Fd1 as

Fd 1=
Fd '

sinψ
=

Cd 1 Fa ' sinψ

sin ψ
=Cd 1 Fa '

Fq 1=
Fq '

cosψ
=

Cq 1 Fa ' cosψ

cosψ
=Cq 1 Fa '

(10.22)

Through  the  endpoint  of  the  phasor 
Fq1 a half line is led, on which the en-
dpoint  of  the  rated  excitation  Ffr is 
located. In a similar way the construc-
tion may be performed using compon-
ents  Fd‘ and  Fq‘, but in this case it is 
necessary  to  know  the  inner  power 
factor angle of the machine, which is 
constrained by Fd‘ and Fd1. The above 
mentioned construction is then a base 
of Sumec’s construction of phasor dia-
gram  of  a  salient  pole  synchronous 
machine. Using above mentioned con-
struction  it  is  also  possible  to  con-
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Fig. 10.7: The determination of rated excitation 
magnetomotive force of a salient pole machine

Fig. 10.8: Load characteristics of synchronous machines  
for a constant power factor
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struct the load characteristics of synchronous machines for a constant power factor, as shown in 
fig. 10.8.

The design of the excitation winding is then identical to the design of the excitation winding of ex-
ternally excited direct current machines. The field winding wire cross-section is chosen according to

S f=
2 p lf F fr

0,9γU f

, (10.23)

where the field winding voltage  Uf is chosen in standard row 65, 110, 220 and 440  V. The field 
winding current then results from chosen current density

I f=J f S f , (10.24)

whereas this value is chosen in case of common generators between 2 and 4 A/mm2. The number of 
field winding turns then results from necessary magnetomotive force

N f=
F f

I f

. (10.25)

In case of permanent magnet synchronous machines it is necessary to proceed individually accord-
ing to permanent magnet placement. Since there is a large variety in permanent magnet mounting 
options which differ by electromagnetic properties, they have to be considered during the whole 
design of the machine. According to location of the permanent magnets the electromotive force 
coefficient  kE  varies  from previously  mentioned values  (its  value  must  be determined from the 
phasor diagram of the machine) and also the permanent magnet leakage flux coefficient  kσ rises, 
whereas its value starts from units of per cents for surface mounted permanent magnets and it may 
rise up to 25 per cent in case of buried permanent magnets. Since the magnetic flux of the perman-
ent magnets cannot be controlled, the excitation is always designed for rated working point.

The permanent magnet excitation design of the synchronous machines is equivalent to the design of 
permanent magnet excitation of DC machines, thus it is necessary to calculate the total magnetic 
flux through permanent magnets as

ΦPM=(1+kσ)Φδ , (10.26)

from which the permanent magnet width bPM, the permanent magnet magnetic flux density BPM and 
magnetic field strength HPM may be obtained. Then it is possible to determine the height of the per-
manent magnets from

hPM=
Θ

2(H c−HPM )
. (10.27)
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 10.3 Damper Design

Although the damper of synchronous machines is basically a squirrel cage as known from induction 
machines, its design is significantly simplified, since most of the duty time it is not actively used.  
To avoid magnetic “gluing” of stator and rotor slots, it is necessary to choose different slot pitches 
on both sides. Commonly they are chosen according to

0.9 t s 1<t s 2<t s 1∨1.1 t s 1<t s 2<1.2 t s1 . (10.28)

The choice of damper cross-section is based purely on the cross-section of the damper bar, whereas 
for copper damper it is common to choose

Qd Sd=(15÷30)%∑ SCu1 , (10.29)

where Qd is the total number of damper bars,
Sd is the damper bar cross-section

and ΣSCu1 is the total cross-section of the armature copper.

The cross-section of the shorting ring, which may be also manufactured as incomplete (the damper 
is then composed of squirrel-cage sections), the cross-section is 

Ssr=(40÷50)%
Qb Sb

2 p
. (10.30)

In case when a more robust performance of the damper is necessary, it is designed in the same way 
as the squirrel cage of the induction machines. This case is related especially to large hydro alternat-
ors, which may be started without use of an external induction machine.
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 11  Specific Parts of Design of Induction Machines
The  induction  machines  are  one  of 
most robust type of electric machines. 
Due to simplicity of their construction 
and duty they are supposed to work in 
heavy  industry  with  frequent  run-ups 
without  need of  power converters.  In 
connection with power converters they 
gained  to  be  most  used  machines  in 
electric  traction,  where  they  are 
nowadays  being  replaced  (because  of 
higher  power  density)  by  permanent 
magnet  motors.,  which  are  signific-
antly more expensive.

Even  though  the  induction  machines 
are  able  –  by principle  –  to  work  as 
generators, in praxis they are almost never used that way. So, in contrast to synchronous machines 
which are most commonly used as generators, the induction machines are most commonly used as 
motors.  This  corresponds  with  their  power  range,  where  induction  machines  achieve  maximal 
power if tens of megawatts.

The induction machines are made in two basic constructions – with wound rotor, which is equipped 
most commonly with three phase winding connected to slip rings, and with so-called squirrel cage. 
The squirrel cage rotor can be made with a simple “squirrel cage” winding, or it may be equipped 
with more sophisticated slot designs (eddy current cage) or it can be divided to two squirrel cages 
connected in shorting rings or fully separated. This concept is mechanically very robust, so the in-
duction machines are able to work for a very long time without need of service maintenance.

The wound rotor induction machines were historically used in may applications, nevertheless due to 
the presence of a slip ring contact it is more advantageous to avoid this type of machine. The reason 
is, that the main advantage of this solutions – connection of an external circuit into the rotor wind-
ing to control the start of the machine – is now fully compensated by usage of power converters.  
Nowadays the experiments are made with wound rotor induction machines for wind turbines. In this 
case there is a converter connected to the rotor winding, which allows smooth reaction on different 
speed and pressure on blades of the turbine. In this case the term “doubly fed induction machine” is  
commonly used [21].

The fundamental requirements on the design of induction machines are similar as in case of other 
machine types. Since the induction machines are together with permanent magnet synchronous ma-
chines constructionally simplest machines, the design of the machine includes only design of stator 
and rotor winding and the design of magnetic circuit of both armatures18.

18 A very specific type is from this point of view the shaded-pole induction machine, which must be designed using 
different approach.
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The design of the induction machine must be derived from following parameters, which have to be 
given by the customer:

rated power of the machine Pr [W]

rated voltage Ur [V]

number of poles or synchronous speed 2p [-], ns [ot/min]

number of stator phases m1 [-]

machine type motor/generator

rotor type wound/squirrel cage

protection type IP code

construction and mounting IM code

cooling type IC code

Among other parameters, which can be required, are for example machine dimensions, start-up cur-
rent or machine overloadability. These parameters must be then fine-tuned using equivalent circuit 
parameters. A very common design of induction machines is with codes IM 1001 (IM B3) with 
IP 44 and IC 411 – so a machine with heels and cylindrical shaft on front side of the machine, ter -
minal box on its side, resistant against squirting water and a fan of its shaft, which blows air on ribs  
in the chassis19.

 11.1 The Determination of Fundamental Dimensions of the Machine

Due to a large variety of usage of the induction 
machines even the designer’s variable influencing 
Essons factor vary in a wide range.  Although in 
case of small and medium sized machines it is pre-
ferred to use the above mentioned TEFC construc-
tion,  large  machines  are  often  made  as  partially 
opened and their iron stack is supplemented by ra-
dial  (industrial  machines)  or  axial  (traction  ma-
chines) ventilation ducts. The used values of linear 
current  density  are  commonly  in  range  between 
20 000  A/m in  case  of  small  machines  up  to 
80 000 A/m in case of large and traction motors. In 
dependence on the air gap length also the air gap 
magnetic  flux  density  is  chosen  in  range  from 
0.6 T to approximately 1.15  T.  It  is  necessary to 
note, that the air gap magnetic flux density projects 
in the total magnetomotive force drop on the mag-
netic circuit of the machine, which in case of induction machines means, that it affects also the 

19 This design is very common and it is marketed as TEFC motor – totally enclosed fan cooled motor.
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power factor of the machine. Thus, excessively high values of the magnetic flux density as well as  
excessively large air gaps lead to lowering of the power factor of the machine.

Since the mechanical pole coverage factor has, in case of induction machines, no meaning, only its 
electromagnetic variant αδ is being examined. In the first iteration of the design or when no excess-
ive saturation is presumed, it is possible to choose the value of the electromagnetic pole coerace 
factor  αδ = 2/π in combination with magnetic field shape factor  kB = π/2√2. Both factors are then 
further adjusted during the design in dependence on magnetic field saturation factor ksat.

The winding of the induction machines is then oriented for possibly smoothest torque of the ma-
chine. This means, that an integral number of slots per pole and phase q is preferred, a fractional 
number is being chosen only in case of large machines supposed to work as generators. In case of 
small machines only single layer windings are used due to their simple manufacture, otherwise in-
duction machines are equipped most commonly by two layered windings. Similarly to synchronous 
machines the windings of induction machines are designed to damp higher order harmonic compon-
ents, so in case of three phase windings the winding pitch shortening factor is chosen approximately 
β = 5/6. The number of stator slots is the chosen according to available space and possible slot 
pitch, which is commonly between 10 and 35 mm.

The outer diameter of the machine De and the armature diameter D1 are chosen according to cus-
tomer’s demands or in terms of possible shaft height. Commonly the armature diameter is being 
chosen in dependence on outer diameter of the machine using ratio 

k D=
D1

De

, (11.1)

which is related to the number of machine poles. Commonly used val-
ues of the diameter coefficient kD are shown in tab. 11.1. The length of 
the machine may be then determined from the power equation

li=
Si

C D1
2n

. (11.2)

For the purpose of verification of optimality of resulting length a helping factor is commonly used 
in the literature, named as slimness ratio λ, which is often defined as a ratio

λ=
lo

D1

(11.3)

according to [4] or

λ=
li

D1

(11.4)
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dence of ratio kD on the 

number of poles

2 0.52 ÷ 0.57

4 0.62 ÷ 0.68

6 0.7 ÷ 0.72

8 0.74 ÷ 0.77

≥10 0.75 ÷ 0.78

2p [-] k
D
 [-]
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according to [3]. The purpose of the slimness ratio is verification of suitability of dimensions of the 
machine to avoid excessive length of winding overhangs in comparison to the length of the ma-
chine, so there are not too high losses in the winding overhangs. Nevertheless this ratio is not a 
binding parameter, so it may not be respected in many applications.

The inner power of the machine Si is determined as

S i=kE S , (11.5)

where  the  electromotive  force  factor  kE is  chosen  according  to  the  machine  type  in  range  of 
0.92 to 1 for motors, and 1 to 1.05 for generators. Based on its definition if may be calculated from 
the equivalent circuit parameters as

k E=
U i

U
, (11.6)

where the value of back EMF Ui results from the equivalent circuit of the machine as

Ū i=Ū−R1 Ī r− j X1σ Ī r . (11.7)

The design of magnetic circuits of stator and rotor correspond to standard armature design, similarly 
to the case of synchronous machines. The limiting values of the magnetic flux densities are com-
monly chosen very similar for both stator and rotor, whereas for teeth the magnetic flux densities 
Bz1,2‘ are chosen between 1.8 to 2.2 T and for yokes their values are commonly between By1,2 = 1.2 to 
1.5 T, whereas considering shorter magnetic flux lines in the rotor, the rotor values may be slightly 
higher.

Since the resulting properties of the machine are defined from a large part by its air gap, it is neces-
sary to choose possibly shortest air gap length. From electromagnetic point of view another influen-
cing parameter is the Carter’s factor, which is often minimized by usage of semiclosed or fully 
closed (in case of squirrel cage motors) slots. The minimal possible air gap length is approximately 
0.2 mm, often it is chosen larger, at least 0.3 mm. For large machines it is possible to estimate the air 
gap length from

δ≥
D1

1000
     [mm] (11.8)

or for two pole machines 

δ=0.1+0.225 3
√Pr      [mm ;kW ] (11.9)

or using
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δ=0.1+0.145 3
√Pr      [mm ;kW ] (11.10)

for machines with four and more poles.

The suitability of chosen air gap length and magnetic circuit saturation may be verified using mag-
netic circuit saturation factor, whose limiting value is considered about ksat = 1.35. Below this value 
the machine is relatively poorly saturated, above this value it it highly saturated. Even in this case 
this is a non-binding value, which is, especially in case of traction machines, almost always over-
come and in case of atypical machines its predictive value is very limited. Then the machine must  
be evaluate only on base of resulting characteristics.

 11.2 The Design of Induction Machine Rotor

The design of the magnetic circuit  of 
the rotor  is  identical  to  the design of 
the  armature,  the  main  difference  is 
formed by the design of the rotor wind-
ing. In case of wound rotor the limiting 
output power is approximately 100 kW, 
below  this  value  the  winding  is  de-
signed  according  to  desired  rotor 
voltage,  above this value the winding 
topology changes to construction made 
of bars (half-coils), which gives the resulting rotor voltage.

In case of machines with output power below 100 kW the rated rotor voltage is chosen according to 
available starters, whereas the approximate voltage of the starter may be estimated according to

U 2=38√Pr[kW ]±17 % . (11.11)

Above 100 kW of output power the rotor current is extremely high, thus two layered bar winding is 
chosen for  these  machines,  whereas  one winding layer  corresponds to  one  conductor  in  a  slot 
(Vs = 2). This solution leads to design of relatively high and thin bars, which are affected by skin-ef-
fect, which results to higher start-up resistance and lowering of start-up current. Based on chosen 
number of slots the number of rotor winding turns then results

N s 2=
Q2

m2

, (11.12)

where m2 is the number of rotor phases, in this type of machine commonly m2 = 3.

The rotor voltage is then calculated from the rotor magnetic flux and calculated number of winding 
turns in series. In case of wound rotor the number of rotor slots is chosen not to be equal to the  
number of stator slots:
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Q2≠Q1 (11.13)

together with

Q2≠Q1±2 p . (11.14)

This may be avoided by choice of

q2=q1±1 (11.15)

while having identical number of stator and rotor phases, i.e. m1 = m2  [8].

The current through rotor phase then results from equality of magnetomotive forces, thus

F1=F2 (11.16)

m1

π

N s 1 kw 1 I m1

p
=

m2

π

N s2 kw 2 Im2

p
, (11.17)

which gives the current transformation factor

k I=
I1

I2

=
m2 N s2 k w2

m1 N s1 k w1

. (11.18)

But this factor is further influenced by leakage 
magnetic fluxes, thus to be able to identify the 
correct value of the rotor current of an induc-
tion machine a coefficient κI, which depends 
on  the  power  factor  of  the  machine  (see 
fig. 11.4). The real rotor current is then

I2=
κI

k I

I 1 . (11.19)

The rotor winding factor kw2 is identified in the same way as in any other alternating winding type, 
i.e. even in this case it is necessary to calculate separately the winding pitch factor ky2 and the wind-
ing distribution factor  kd2 and their multiplication gives the final winding factor  kw2. The current 
density is in case of wound rotor machines chosen as J2 = 1.2J1 because of better rotor cooling due 
to rotor movement. This gives rotor conductor cross-section 

SCu2=
I2

J2

. (11.20)
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0.5 0.6 0.7
0.5

0.8 0.9 1.0

0.6

0.7

0.8

0.9

1.0

cos φ

κ
i



Specific Parts of Design of Induction Machines

The rotor slots are then chosen more likely semiclosed because of better mechanical support of the 
winding against centrifugal forces. In case of larger machines with longer air gap the slots are often 
fully opened (N-type slots) with wedges made of non-magnetic steel.

The squirrel cage winding is made of two rings (shorting rings) connected by bars placed in rotor 
slots. This whole concept is similar to a real squirrel cage, so this is where its name came from. 
From the winding design point of view the winding is formed by Q2 slots, which project to P2 phas-
ors with angular pitch α2. If the number of rotor slots has a common divider with the number of ma-
chine pole pairs, the it is possible to determine the number of projections of slot phasors to one dir-
ection 

κ2=GCD(Q2 ; p) (11.21)

and the angular pitch between phasors is then

α2=
360 °

P2

, (11.22)

whereas the number of phasors in star of slots is

P2=
Q2

κ2

. (11.23)

Each of these phasors has its own unique orientation in complex plane (= unique phase shift) and it 
is not connected to series with none of others, since the shorting rings form, in fact, winding nodes. 
Because of this reason each of resulting phasors can be considered a separate phase of the rotor 
winding, thus the number of squirrel cage rotor phases is

m2=P=
Q2

κ2

=
Q2

GCD (Q2, p)
. (11.24)

The greatest common divisor of the number of rotor slots and rotor pole-pairs shows the number of 
projections of each phasor to one direction, thus each of rotor bars corresponding with one phasor 
have the same phase and they can be considered as rotor winding parallel branches, thus

a~2=κ2=D(Q2 ; p) . (11.25)

Since the bars of the rotor winding do not form enclosed coils, it is not possible to define any of 
winding factors for them, so they have a full interaction with all harmonic components from the air 
gap, thus their winding factor is kw2ν = 1 and since a par forms only one half of the coil turn, the 
number of winding turns in series is Ns2 = ½. The negative after-effect of this topology is, that all 
harmonic components from the air gap magnetic flux are fully induced into rotor winding, spatial 
harmonic components as well as time harmonics. This leads (without compensation) to creation of 
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torque saddles  and noisier  motor  duty.  To suppress these effects,  the rotor  slots  are  commonly 
skewed by 0.5 to 1 slot pitch of the opposite side of the machine20. The electrical angle of the slot 
skewing is then

ε=
t sk

t p

π , (11.26)

where tsk is the skewing pitch.

The resulting skew factor is the defined as

k sk=
2
ε

sin
ε

2
.21 (11.27)

The resistance of one phase must be derived from the 
resistance of one bar and adjacent part  of the shorting 
ring. The rotor bar resistance is

Rb=
1
γ

lb

Sb

, (11.28)

where lb is the bar length
and Sb is its cross-section.

Similarly  the  resistance  of  corresponding  part  of  the 
shorting ring is 

Rsr=
1
γ

lsr

S sr

, (11.29)

where the length of corresponding part of the shorting ring is

lsr=
2πDsr

Q2

, (11.30)

where Dsr is the medium diameter of the shorting ring.

The resulting phase resistance must be then determined from the comparison of losses in shorting 
ring and corresponding bar in a “substituting phase” of a rotor, i.e. for one parallel winding branch, 
we can write

Ra 2 I a
2
=Rb I a

2
+2 Rsr I sra

2 , (11.31)

20 This is also often used in case of permanent magnet synchronous machines.
21 For ε→ 0 the solution is ksk = 1, which may be proven by L’Hopital rule.
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thus the equivalent resistance of one rotor parallel branch is

Ra 2=Rb+2 R sr(
I sra

I a
)

2

. (11.32)

For currents from next two bars it is valid, 
that  the  amplitude  of  the  current,  which 
flows  through  them  is  identical  ans  the 

phase shift between them is equal to electrical angle between following 
slots, i.e. angle α2. This phase shift then corresponds with phase difference 
in following two segments of the shorting ring, whereas bars form in the 
phasor diagram the difference between following phasors of the current 
through shorting rings. From construction shown in fig.  11.7 we can de-
rive, that the amplitude of the current through a bar is

I b=2 I srsin
α2

2
, (11.33)

whereas the mechanical angle between following bars is

αmech=
2π
Q2

(11.34)

and the electrical angle results

α2=p αmech=
2π
Q2

p . (11.35)

The ratio between these currents may be marked as

Δ=
I b

I sr

=2 sin
α2

2
. (11.36)

Thus the resistance of one parallel branch of the squirrel case results

Ra2=Rb+2
Rsr

Δ
2 (11.37)

and the resistance of the whole squirrel cage phase is

R2=
Ra 2

a~2

=
Ra2

κ2

. (11.38)
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Similarly for current through one bar we can write

I b=I a 2=
I 2

a~ 2

, (11.39)

where the current through the rotor may be derived from (11.19). The cross-section of rotor bars is

Sb=
I b

J2

, (11.40)

where the current density is chosen according to the material approximately 6 to 8 A/mm2 for copper 
squirrel cages, and 4 to 5 A/mm2 for aluminium squirrel cages. The number of rotor slots is chosen 
according to the same rule as in case of wound rotors. From constructional point of view the design 
of the squirrel cage is very variable and in can include simple cages, eddy current cages but also 
doubled cages, which are often made of two different materials (start-up cage could be made of 
brass or bronze, running cage can be made of copper).

The leakage inductance of the rotor winding may be calculated equivalently to the rotor resistance 
as

L2σ=Lσ b+2
Lsr

Δ
2 + Ldif , (11.41)

where Lσb is the bar leakage inductance,
Lsr is the leakage inductance of the shorting ring, which may be calculated in the same

way as leakage inductance of winding overhangs or  we can use simply winding
overhang reluctance coefficient λsr ≈ 0.3,

and Ldif is the differential leakage inductance of the squirrel cage, which is calculated from

Ldif=τdif L2μ , (11.42)

where the magnetizing inductance is determined as magnetizing in-
ductance from the point of view of the whole squirrel  cage, i.e. 
considering squirrel cage properties (Ns2 = ½,  kv2 = 1) on base of 
(6.23) as 

L2μ=
1
2

μ0 m2

π
2 p

t p li

δ '
. (11.43)

The differential leakage flux factor is then determined similarly to 
traditional winding, whereas in this case it is possible to express 
the radius of the Görges’ circle explicitly from the magnetomotive 
force generated by the squirrel cage as
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R1 g=Fm=
m2

π

N s 2 kw 2

p
I 2 , (11.44)

where we can include the parameters of the squirrel cage (Ns2 = ½, kw2 = 1, I2 = κ2It), which gives

R1g=
κ2m2

π

I t

2 p
, (11.45)

where the multiplication of κ2 and m2 corresponds with the number of the squirrel cage bars Q2, thus

R1 g=
Q2

2 π p
I t . (11.46)

The equivalent diameter of the Görges’ pattern (see fig. 11.8) is then formed by phasors of unique 
length and from the bar current we obtain

Rg=Rp=
I t

2sin
α2

2

=
I t

2 sin
π p
Q2

(11.47)

The general expression of differential leakage flux coefficient for squirrel cage windings is then

τdif=
Rg

2
−R1 g

2

R1 g
2 =

Rg
2

R1 g
2 −1=

(π p
Q2
)

2

sin2 π p
Q2

−1=
( α2

2 )
2

sin2 α2

2

−1 . (11.48)

 11.3 Equivalent Circuit Parameters and Important Points of Machine 
Characteristics

The induction machine is in many aspects similar to the transformer, thus a very similar approach is 
applied to the mathematical description of the induction machine and its equivalent circuit. As an 
addition to current transformation ratio derived in (11.18) it is necessary to know the voltage trans-
formation  ration,  which  is,  similarly  to  transformers,  derived from the  equality  of  the  induced 
voltages in short-circuit state (with blocked rotor)

U i 1=U i 2 '=kU U i20 . (11.49)

Thus we can derive

kU=
U i 1

U i 20

=
4 kB N s 1 kw 1Φ f 1

4 k B N s 2 kw 2Φ f 2

, (11.50)
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whereas in short-circuit state the frequencies in the stator and in the rotor are equal. The voltage 
transformation ration is then

kU=
U i 1

U i 20

=
N s 1 kw 1

N s 2 kw 2

. (11.51)

Together with current transformation ratio we can derive the impedance transformation ratio

k Z=
kU

k I

=
m1

m2
(

N s 1 kw 1

N s 2 kw 2
)

2

. (11.52)

For transformation of variables it is valid, that

U2→U 2 '=kU U 2

I2→ I 2 '=k I I 2

R2→R2 '=k Z R2

X2σ→X 2σ '=k Z X2σ

.22 (11.53)

Using determined parameters of the equivalent circuit it is possible to determine the parameters of 
the machine in extreme states, i.e. in no-load and in short-circuit. The no-load current may be de-
rived from the iron core losses and from armature magnetomotive force in no-load. In no-load state 
the air gap magnetic flux density is equal to Bδ, which gives a certain magnetomotive force drop for 
the whole magnetic circuit Θ. To cover this magnetomotive force drop, it is necessary to generate

F0=Θ , (11.54)

which corresponds with (6.15) reactive part of the current

I 0r=
π p F0

m1 N s1 kw 1√2
. (11.55)

Similarly we can derive the active part of the no-load current from the RFe resistance as

I 0 a=
U i 1

RFe

. (11.56)

It is necessary to note, that in case of induction machines the iron core loss resistance RFe includes 
among iron core losses also mechanical losses. The total no-load current then results from both 
components as

I 0=√I 0a
2
+ I 0 r

2 (11.57)

22 The transformed variable are sometimes referred as U21, I21, R21, X21 instead of using apostrophe.
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and the phase shift between the voltage and the current in no-load state is

φ0=atan
I 0r

I 0a

, (11.58)

which leads to no-load power factor of the machine.

The no-load state may be on base of the equivalent circuit described as a serial connection of wind-
ing resistances and leakage reactances, thus the short-circuit current of the machine at rated load 
results

I sc=
U r

√(R1+R2 ')2+ω1
2
(L1σ+L2σ ')2

, (11.59)

which is also a start-up current of the machine. The phase shift between voltage and current in short 
circuit is

φsc=atanω1

L1σ+L2σ '

R1+R2 '
. (11.60)

The characteristics of the machine may be drawn using equivalent circuit of the machine, whereas  
the location of the rated working point may be determined from presumption, that the rated slip is 
equal to the rotor resistance in per units.
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 12  Notes to the Design of Special Types of Electric Machines
If we would use the traditional definition of electric machines as devices serving for transformation 
of electrical energy to electrical energy of different parameters or to mechanical energy, this term 
would include much wider group of electrical device than only traditional electric machines. The 
identical definition may be fulfilled by various actuators, loudspeakers, magnetic vents etc. For the 
purpose of further approach let us now limit to variations of traditional electric machines, which 
come into interest nowadays, either because of the evolution of the power electronic converters or 
because of possible increase of power density of drive systems.

 12.1 Synchronous Reluctance Machines

The synchronous reluctance machines are a variation of traditional salient pole electrically exited 
synchronous machines. In contrast to electrically excited synchronous machines the torque of these 
machines is generated only due to the difference in inductances in direct and quadrature axes. The 
design of the machine, or more precisely its rotor is therefore focused on maximization of differ-
ence of inductances in  both axes.  For this  purpose a variety of rotor topologies was proposed, 
whereas the most common are shown in fig. 12.1 [22].

From the figure  12.1 an inspiration by traditional 
salient pole synchronous machine is obvious (left), 
but this topology does not offer required difference 
in inductances in both axes. This is compensated 
by so-called axially  laminated  topology (middle) 
and radially laminated topology with flux barriers 
(right, practical performance in fig.  12.2 [23]). In 
these  case  it  is  possible  to  achieve  significantly 
higher differences in inductances, even in this case 
the saliency ratio Ld/Lq is not greater than 4.

From designer’s  point  of view the design of  the 
machine is identical to the design of synchronous 
motors with electrical excitation, i.e. even in this 
case traditional distributed winding is used with in-
tegral number of slots per pole and phase  q. The 
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Fig. 12.2: The performance of synchronous 
reluctance motor rotor by Siemens
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tooth windings are also possible to be used, but due to their large differential leakage flux factor the 
leakage inductance of these machines rises and leads to lowering of the saliency ratio, which forms 
a disadvantage of this solution.

Since the rotor of synchronous reluctance machines is a purely passive part, it does not generate 
back EMF and the magnetic flux through the air gap must be derived from terminal voltage. To-
gether with that the electromotive force factor cannot be defined for these machines, thus value of 
kE = 1 is used.

In case of flux barriers rotor the design of the magnetic circuit avoids higher saturation of the rotor,  
which would again lead to lower saliency. Because of this both teeth and rotor magnetic bridges are  
designed for lower saturation – approximately 1.8 T in case of teeth and below 1.5 T in case of mag-
netic bridges. The flux barriers, especially their ends near to the air gap, act similarly to openings of 
slots of induction machines, thus the choice of the number of rotor flux barriers must be derived 
from conditions for choice of number of induction machine rotor slots. The number of rotor barriers 
Nb must therefore meet condition

Nb≠
Q1

2 p
±1 . (12.1)

From the losses point of view although the rotor is fully passive, the pulsation losses are still gener-
ated in magnetic bridges due to the stator slotting, so even in this case it is necessary to use elec-
trical steel sheets for rotor construction.

A crucial factor  in synchronous reluctance machine design is 
the choice of the air gap size. It influences the value of the dir-
ect axis inductance, which can result  very high for small air 
gaps and the impedance of the machine may be so high so it is 
not possible to pull required current through the machine and it 
does not produce required torque. A suitable clue can be in this 
case the MTPA criterion for synchronous reluctance machines 
[24], which leads to phasor diagram including required para-
meters of the machine in relation to its output power and rated 
voltage [25].

For example by analysis  of the phasor diagram with know-
ledge of the condition for optimal duty of the synchronous re-
luctance machine (MTPA; id = iq) can be, presuming saliency 
ratio  Ld/Lq = 4, derived remaining sizes of reactances, whose 
values should be xd = 1.37 p.u. and xq = 0.34 p.u. The power 
factor of such machine will be cos φ = 0.51.

A considerable increase of the power factor may be achieved 
by  addition  of  permanent  magnet  excitation,  which  can  be 
placed in the flux barriers. This topology is often marked as permanent magnet assisted synchron-
ous reluctance machine. He key difference between these machines and traditional permanent mag-
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Fig. 12.3: Phasor diagram of an 
optimally controlled synchronous  
reluctance machine in per units
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net synchronous machines is that the major part of the torque is not generated by permanent mag-
nets but by the rotor saliency.

 12.2 Switched Reluctance Machines

The switched reluctance machine are in a certain 
view extreme case of synchronous reluctance ma-
chines,  whereas  the  stator  winding is  formed by 
tooth  winding,  which  is  directly  switched to  the 
direct current voltage. After connection of a coil to 
the DC voltage the current starts to flow through 
the  coil,  which  excites  the  magnetic  flux  going 
through the rotor with extremely salient poles. This 
leads to its rotation into direction with lowest re-
luctance – in the direction of power supplied coils 
(see fig. 12.4 [26]). This procedure the repeats, so 
by separate connection of each coil to the power 
supply the rotor starts to rotate.

It is obvious, that in comparison to previously mentioned types of electric machines the principle of 
this machine is significantly different – instead of presumption of sine wave power feeding, this ma-
chine is kept all the time in a transient state. This effects projects also into its torque, which includes 
significant torque ripples, and its current, which has a nature of a saw curve. Even through its prop-
erties the switched reluctance machines are often used because of simplicity and robustness of their 
construction, which allows their usage even for highest speeds. One of most renown application of 
switched reluctance motor is the electric turbocharger of Audi Q7 [27], a synchronous reluctance 
motor is also due to its robustness used in a mine truck by Komatsu [28].

For the purpose of the design of synchronous reluctance motors it is not possible to use traditional 
approach, when the initial dimensions of the machine are defined by power equation, which results 
from the presumption of harmonic power supply. The design of the synchronous reluctance ma-
chines is therefore not oriented on resulting dimensions with regard to the power equation, but on 
correct process of the transient phenomena, in which it should work. From the dimensions point of 
view it is crucial to design the machine so it is able to lead required magnetic flux linkage  ψ(t) 
without excessive saturation of the iron core. The time description of the magnetic flux is

ψ(t)=∫ (u−Ri)dt , (12.2)

where u is the terminal voltage,
R is the phase resistance

and i is the time dependency of the current.

During its motion the rotor of the machine moves within elementary time step dt by angle dξ, thus it 
is possible to write
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Fig. 12.4: Switched reluctance motor
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ω=
d ξ
dt

(12.3)

and if we presume zero stator resistance R and constant motor terminal voltage U we can substitute 
to (12.2), which gives

ψ(ξ)=
1
ω
∫U d ξ . (12.4)

The maximal change of the magnetic flux linkage appears when the rotor moves from the position 
between stator teeth to position aligned with stator teeth. Then we can write

ψ=
1
ω
∫
ξ1

ξ2

U d ξ=
U
ω
(ξ2−ξ1)=

U
ω
ε , (12.5)

where ε is the switch angle, which results from the number of stator phases m1 and the num-
ber of the rotor teeth Nr as

ε=
2π

m1 N r

. (12.6)

The magnetic flux through the machine may be determined as

Φ=
ψ

K 1 N c

=
εU

ωK 1 Nc

=
2πU

ωm1 K1 N c N r

, (12.7)

where K1 is the number of stator coils connected in series
and Nc is the number of the coil turns.

The relation to the motor torque may be approximately determined from analytical calculation 

M=
∂W m

∂ ξ
=

1
2ε
(Lmax−Lmin) i

2 , (12.8)

where Lmax, Lmin are the values of inductances in positions with aligned stator and rotor teeth and
in position of the rotor teeth between stator teeth.

It is obvious that the design of the switched reluctance machine is an optimization task, whose tar-
get is finding suitable dimensions for achieving required inductances Lmax and Lmin, whereas the lim-
iting factors are the stator current density and the saturation of the stator magnetic circuit.

Since most of used variable show analytically hardly describable properties, it is suitable to supple-
ment the design using finite element method, whose output are the flux linkage maps of the de-
signed machine (dependencies of flux linkage on rotor angle and motor current, see fig. 12.5 [29]), 
from which it is possible to derive the current and torque curves. These dependencies are then res-
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ults of simulations, in which the current resulting 
from used terminal voltage and rotor position is the 
current is solved according to

ψ(ξ , i)=
1
ω
∫(U−Ri)d ξ (12.9)

in connection to dependency of the inductance on 
current and rotor angle 

ψ(ξ , i)=∫L(ξ ,i)di . (12.10)

The torque of the machine is then calculated as

M (ξ , i)=
∂

∂ t [∫0
i

ψ(ξ , i)di ] (12.11)

with magnetic flux linkage factor

K (ξ ,i)=
∂ψ(ξ , i)
∂ t

. (12.12)

 12.3 Axial Machines

The axial form of electrical machines 
gains more and more attraction, espe-
cially  in  automotive industry.  In  gen-
eral,  any  electric  machine  may  be 
transformed to its axial variant – i.e. it 
is possible to build axial synchronous 
machine,  induction  machine  (see 
Fig. 12.6 [30]), DC machine or one of 
switched machines. The reason of the 
popularity of these machines is both in-
crease of machine power density (ex-
pressed as a ration of output power to 
the mass or volume of the machine) as well as relatively easy scaling of the output power – the res-
ult of the design is almost in all cases relatively thin motor and the obtained axial space may be 
used for serial  connection of multiple machines. A similar connection may be achieved also in 
chassis of one machine by connection of multiple stators and rotors.
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Fig. 12.6: Axial form of a squirrel cage induction machine

Fig. 12.5: Flux map of a synchronous 
reluctance machine derived from finite  

element method
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From the configuration point  of  view 
there  are  several  topologies  of  stator 
and rotors, which, in general, differ by 
total usage of the material, but also in 
manufacturing technology.  The easiest 
solution is the usage of armature in its 
traditional form, i.e. as a part with teeth 
and yoke,  as shown in fig.  12.6.  The 
rotor  may be then also an axial  vari-
ation of a traditional rotor, or simply an 
interpart between two stators.  The ad-
vantage of this solution is a large cool-

ing are of both stators, so these types of machines can be cooled using common cooling techniques, 
e.g. by air.

An alternative performance is  the usage of two rotors 
and one stator. Even in this topology the initial construc-
tions were variations on traditional armature (teeth con-
nected by yoke;  winding in traditional distributed form 
or in form of toroidal sections), but nowadays the yoke-
less variant is more often used. In case of these machines 
the winding is wound around one tooth and the magnetic 
flux goes directly from one rotor though the tooth to the 
opposite rotor. These machines are manufactured e.g. by 
English manufacturer YASA (see fig. 12.8 [31]) or Bel-
gian Magnax.  The  disadvantage  of  this  solution  is  a 
problematic  mechanical  connection  of  teeth  with  coils 
and the cooling of the machine. Because of this these machines are often liquid cooled (water, oil).

The design of the axial machine may be performed “by intuition”, i.e. by simple transformation of 
the power equation to the conditions of the axial machines23, nevertheless this approach appears to 
be unsuitable, since it does not lead to optimal usage of the material of the machine and it does not 
fully use all of the cooling area [32]. Consequently the linear current density may increase near to 
the inner diameter of the machine leading to excessive losses in the same place. Because of this 
reason it is suitable to introduce as a reference point of the design a ratio

23 In this case the armature diameter D1 would be an arithmetic average between inner and outer diameter

D1=
De+Di

2
(12.13)

and the machine length is one half of the difference between both diameters

l=
De−Di

2
. (12.14)

Then it is possible to use the power equation in its traditional form.
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Fig. 12.8: YASA motor topology

Fig. 12.7: Axial machine with distributed winding and two 
stators (left) and axial machine with a single stator and 

toroidal coils (right); taken from [31]
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λ=
Di

De

, (12.15)

and with respect to the losses in inner winding overhangs for the purpose of evaluation of Esson’s  
factor the linear current density on inner diameter Ai will be used. The power equation form is then

S i=
1
4

C De
3
(1−λ2

)λn , (12.16)

where the Esson’s factor is

C= π
2

60
αδBδ A i kw 1k B . (12.17)

As an optimal ratio between inner and outer diameter of the machine with respect to losses in the 
machine the value of

λ=
1

√3
(12.18)

is used. It is necessary to note, that the above mentioned form of the power equation relates to one 
single armature of the machine. In case the machine has more armatures  (stators), the resulting 
power is a sum of powers of each armature.

 12.4 Linear Machines

Similarly to axial machines, even in case of linear 
machines any principle of electric machine may be 
transformed to its linear form. The linear electrical 
machines  are  commonly  used  in  applications, 
where transmission of rotating movement of tradi-
tional machine to linear movement brings signific-
ant disadvantages. This includes various position-
ing devices or drive systems of magnetically levit-
ated  transport  systems.  In  the  industry  an  often 
used type is the linear variant of permanent magnet 
synchronous  machine,  for  magnetically  levitated 
transport systems also variants of electrically ex-
cited  synchronous  machines  (the  excitation  coils 
on the moving part may also serve as electromagnets attracting the cabin to the railway; this solu-
tion uses e.g. German Transrapid [33], [34]) or linear induction machines are used.
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Fig. 12.9: A section
of Transrapid drivetrain [33]
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An  example  of  transformation  of  rotary electric 
machine to a linear machine is shown in fig. 12.10. 
It shows a procedure of transition from rotary in-
duction machine to linear induction machine.  By 
principle  it  is  obvious,  that  the  lengths  of  both 
parts (static and moving) have to be different, or 
no motion of the machine would be possible. Sim-
ilarly as in case of rotary machines it is possible to 
switch the static and moving parts, so two main to-
pologies are distinguished – machines with short 
armature  and  machines  with  long  armature  (as 
shown in fig. 12.10).

Mathematically the transition from rotary machine to a linear machine may be demonstrated using 
power equation in its full form, i.e. with substituted Esson’s factor by all included variables

S i=
π

2

60
αδ A Bδ kw 1 kB D1

2 ln . (12.19)

From (12.19) we can select

πD1n

60
=v (12.20)

for the speed of the machine and

πD1=L (12.21)

for its active length. Consequently it is suitable to change the designation of the length of the ma-
chine l to its width b. After these modifications the power equation is

S i=αδ A Bδ kw 1 kB L bv , (12.22)

from which we can separate the linear form of the Esson’s factor

Cl=αδ A Bδ kw 1k B (12.23)

and the final form of power equation for linear machines

S i=C l L b v . (12.24)

Using relation
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 to linear machine
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P=F v (12.25)

the electromagnetic force of the machine may be determined as

Fi=Cl Lb . (12.26)

The length of the machine should correspond 
to a multiple of the wavelength of the pro-
gressive  field  of  the  machine  (λ;  λ = 2tp), 
which determines the number of the machine 
poles 

p=
L
λ

. (12.27)

From the  knowledge  of  the  machine  speed 
and the wavelength it is possible to determine 
the power supply frequency as 

f=
v
λ
=

p v
L

. (12.28)

All above mentioned variables are shown in fig. 12.11 and their meaning is similar also in case of 
design with short moving part and long armature. In this case the active part is the short moving 
part, hence the power and traction force are again given by the length of the moving part.

In  comparison  to  traditional  rotary machines, 
where the radial forces are in normal circum-
stances  in  equilibrium,  in  case  of  linear  ma-
chines all these forces fully project in interac-
tion  between  static  and  moving  part.  These 
forces are in most cases attracting and it is ne-
cessary to consider them during the design of 
moving parts of designed machine,  especially 
during  bearings  proposal,  where  these  forces 

add to the weight of the machine. In some cases the usage of these forces is wanted, e.g. in above 
mentioned Transrapid transport system. An opposite extreme is a case of linear induction machine, 
which can, in case the moving part is made of solid aluminium plate without steel yoke, generate a 
repellent force between the stator and the rotor and therefore it can be also used for levitation of 
driven transport system [35].
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Fig. 12.11: Length of the machine and important  
parameters of linear machine with short armature
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Appendix

Appendix 1: Flowchart of the DC Machine Design
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Appendix 2: Flowchart of the Synchronous Machine Design
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Appendix 3: Flowchart of the Induction Machine Design
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