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Discounted sum of incomes (costs) in
n years at the beginning of the 1st year

= In economic effectiveness calculations are
economics quantity which are annual repeated in
specifics time term (7,;) and our task is performed
its updating and also summarization

= Presumption: R (or C) are changing in time with
some specifics dependence. We solve following
options:
« Incomes are constant in each year
« Annual change by 8%
+ Annual change by 82 %
« Annual growth by D [KCZ]

Incomes are constant in each year (1)

= Discounted sum of incomes (revenues) in nyears
at the beginning of the 1st year

n
Ryr-1+Ryr2+..+R,rn= TZIR,-r*T

= Presump.: Ry = R, = const.

discount
+ 1st year R; =R, .rl
« 2nd year R, =R, .r2
+ 3rd year R; =R, .r3
+ n-th year R, =R, i

n
Ryr1+Rir2+..+Ryrn= RJTZJFT

Incomes are constant in each year (2)

= We perform a geometric progression sum in ()
n
R,(ril+r2+..+r")=R,>r7 ,
T=1
where a, =1/r, q = 1/r
+ generally
1-q"

S,=a;+a,+..+a,=a;+a, q+..+a,q" ' =a,- i-q

« then 1
11 [

n
n r) 1r-1 r
R, Sr7-R, L. -Rr,. 1. I
12 P | Yoo or-1

r
supplier of 0-th level
-R, L — PP )
for the period nyears

5,(% (mark event. z,)
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Ex. - Incomes sum (constant)

= How big will be discounted sum of incomes, which has
constant annual repetition, at the beginning of the 1st year
of putting in operation the investment. Economic time term
is T, = 25 years, incomes in the 1st year R, = 16 000 CZK'
and time factor ¢ = 1,087

T,
o g 1 1,087 1
RgqT=R,——/——-=16000—7" —— =
LRaT =R D) 1,08%(1,08 1)

=16000 10,6748 = 170 797 CZK

Annual change by £% (B -times) (1)

= Discounted sum of incomes in n7 years at the
beginning of the 1st year

Ryr-1+Rr2+..+R,rn= TZIR,.r*T

. 0,
= Annual growth B-times [-], whereB=1+ fo/;
discount
« lstyear R; =R, .r1
«2ndyear R,=R,.B .r2
«3rdyear R;=R,.B=R,.B? L3
+«nthyear R,=R;.B"! .rn

Ryr1+RBFr2+.tR,Brirn= S R,BT-1rT
T=1

Annual change by g% (B -times) (2)
= We perform a geometric progression sum

Ryr2+RBr2+..+ RyB"1rn= SR,BT1rT =
T=1

n (B T !
= -1 = =
where a, =B/r, q = B/r <« ”15 EI( ,]

B

= Then 1_(7]
o if B#r,:RIB*I(EJ r) _g(r"-B"
r) 4 B r(r-B)

r

composite supplier
«if B=r ,=R,B1517 = R, of 1st level for the
T=1 period n years
5”(1)
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Annual change by 82 % (B? -times) (1)

= Discounted sum of incomes in n years at the
beginning of the 1st year

n
Ry r-1+Ryr2+..+R,rn= TZIR,-r*T

= Annual growth B 2 -times [-] , where B=1+ f;/;
discount
« 1styear R; =R, .r1
+2ndyear R, =R;.B? .r2

«3rdyear R;=R,.B?=R,.B* .r-3

«n-th year R, =R;. B2 .rn

n
Ryri+ RyB2r-2 + .ot RB2(n-1rn = S RBT1r T =

Annual change by 2 % (B? -times) (2)

= We perform a geometric progression sum

n
Ryf* + RyB2r 2 +.out RyB2(n-0rn = § RyB2(T-rT =

R.B-2 n (B2 T
— ) T
where a, =B2/r, q =B2/r -

n
= Then P 1_(572) A
o 2 - -2[BZ rJ _ -
«if B ;&r,fR,B?(r) 172 =R, "(r_B2
r
«if BZ=r,

T-1 the period nyears

n composite supplier
=R,B2 Y 1T = R1 of 2nd level for
sn(”)

Annual growth by D [KCZ] (1)

= Discounted sum of incomes in n years at the
beginning of the 1st year

n
R r-1+Rr2+..+R,r"=7%Rrr7
=1

= Annual growth by D [KCZ] discount
« 1st year R; =R, ot
« 2nd year R, =R, +D .r2
+ 3rd year R; =R, +D =R, + 2D .r3
@ n-tf\ year R, =R, + (n-1)D rm

R;r-1+(R; +D)r2+(R;+2D)r3 + ... +[Ry +(n - 1)D]r-n =

n n n n
=3[R, +T -1)DJrT =R, SrT+DYT -rT+D>rT
T=1 T=1

T=1 T=1
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Annual growth by D [CZK] (2)

R SrT+DST - rT+DSrT (R +D)SrT+DST r7 =
T=1 T-1 T-1 T-1 T=1

7., T ... combination of geometric and arithmetic progression
1 which sum we perform from relation (as in lecture 4):

M3

T

n
T}’flTxr =x+2x2+3x3+...+nx”=i[1 X —nX"] ,Where x = r-1 =

Loxdmx = 1/r is quotient
1, (1]" of geom. progress.

rm-1 1\
=(R,+D) +D-I —n[fj =
! ro(r-1) ", 1) ;1 r

r

rn-1 D 1 [r(z—r*ﬂ)_n’_m}
r-1

:(R_,+D)m 3

Ex. — Incomes sum (change by D )

= Profit in 1st year of running the investment is P, = 10 mil.
CZK . What is the profit in the lifetime 7, = 20 years when
q = 1,08, f its value growth each year by 0,2 mil. CZK?

Tir
Pru = ZPT .q—T =
T=1
g -1 1 [q(1-q7) , , }_
iq | =
qv(g-1) "q-1| q-1 |
2) 0,2 .
'1,082(1,08-1)" "' (1,08-1)
1,08(1-1,082) )
|108(1-1,08%) _29.1,08 |- 11 . CZK
o5~ 1 0.1,08 } 5,89 mil. C.

=(P,+D)

Generalization of above-mentioned
terms (1)

= Terms for calculation the incomes (costs) were
derived providing that the change proceed for time
T = 1 to n(for example lifetime 7,)

= In general the relation (incomes are constant,
change by g%, by <2 %, by D[money]) needn't
to proceed in the same way for all time term but
different in different time intervals -> change
proceed in time term 7, (7= T, to T,)

= Then
T2
_ T (T4+1 T
SrT =T, T2
T=Ty rebuke r-7*

(continue at next page)




KEE/EMEE - 5th lecture

Generalization of above-mentioned

terms (2)
=rer 22 ) [rebuke r
-T, , _ - _ -T,+T,-1
=rr(rter2ar a2V )2
1-T. _ _ _ —(T5-T,+1 1-r, T, _
=r 1 r iy r?sr 3 r (7277 ))=r 1.5 T
T=1
T,=T,-T;+1 ... years in monitored period where the
change proceed
=7y supplier of Oth level

for the period 7,
srr(a)

= Then we speculate about the change in 1st year of the term
did not come !

Incomes are constant in each year -
generally

= Discounted sum of incomes in 7, years at the
beginning of the 1st year

discount
« 1st year of term T, to T, Ry .
+ 2nd year of term T;to T, Rri+1 = Ry L ro (M4
+ 3rd year of term T, to T, Rri:2 = Ry . ro(1142)
« T, -th year Rr2=Rp; 2
T.
2
Ry rt+ Ry r (Tev) L R r2=R, SrT
1 1 1 15
li f Othllevel
_ 1Ty supplier of
Ry, -r “” for the period 7,years
Str @

Annual change by % (B -times) —
generally (1)

= Discounted sum of incomes in 7, years at the
beginning of the 1st year

B=1+ B%
= Annual growth B-times [-] , where ™~ " " 100
discount
« 1st year of term T, to T, Ry .
« 2nd year of term T,to T, Rris1 =R B L (T
« 3rd year of term T, to T, Rrys2 =R B2 L o(T142)
« Ty-th year Rr;=Rp B2 .rrz

Tz
Ry r7t + Ry Br(T+1) ¢ ..+ Ry BT2Tir Tz = 3 Ry BT Tar 7
=7




KEE/EMEE - 5th lecture

Annual change by g% (B -times) —
generally (2)

= Discounted sum of incomes in 7, years at the
beginning of the 1st year
T.

2 T.
Z RTlBT—Tlr—T = R, B! i(gnr,u rT)=

=2

T=T,

composite supplier
of 1st level for

s, @

T, T,
=R, B1.ri'i. Y BT-Tii1.¥ pT

the period 7, years

Annual change by £2 % (B? -times) -
generally (1)

= Discounted sum of incomes in 7, years at the
beginning of the 1st year

: %
= Annual growth B 2 —times [-], where B=1+ fT;
discount
« 1st year of term T, to T, Ry .
« 2nd year of term T,to T, Rrys1 =R B2 Lo (T
+ 3rd year of term T, to 7, Rris2 =Ry B# L r(T142)
S Tz-t'h year R;; = Ry, BAT2T1) . r?

Ry rTi + Ry B2r~(T:+1) ..+ Ry B2(T2 T )Tz =

T,
= Y R BAT-TpT
=

generally (2)

= Discounted sum of incomes in 7, years at the
beginning of the 1st year

T
i R, B2(T-T)pT =
=

« If BZ;&r‘ =

7
=Ry, Bizr:zr 11r - Vr, r1T; S5, (10

Annual change by 2% (B? -times) —

\ composite supplier

«If B2= r / of 2nd level for
the period 7, years
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Annual growth by D [KCZ] — generally (1)

= Discounted sum of incomes in 7, years at the
beginning of the 1st year

= Annual growth by D [money]

discount
« 1st year of term T, to T, Ry .rmt
« 2nd year of term T,to T, Rri1 =Ry +D Lo (T
+ 3rd year of term T, to T, Rris2 = Ry +2D . ro(T142)
« Ty-th year Ry = Ry (T,-T)D .

erl"rl + (RT, + D) r(Ti+1) (RTJ + ZD) r—(Ti+2) 4 ..
it Ry + (T -T)D]r 72 = 1,

Y[Ry +(T-T,)D]rT
T-T,

Annual growth by D [KCZ] — generally (2)
= Discounted sum of incomes in 7, years at the beginning of
T the 1st year
2 [Rr, +(T—7-1)D]"7T =
T-T,

1] T2
=Ry, T;r*T + Drg_(r ~T)r7 =
=T =T

-1 -1 1 T,
—R.riT, Dri-T, . _ r _
LA P R J[rTr(r—I) r-1 rTr(r—I)]

-1 ri- -1 1 T,
— R, r1T Dri, . __
O P M Y P ( J

[ 1 1 T,
—ypl-T, - " R. D | — - r
’Er JrTr(rfl)[ 7t [r—l rh 1]]‘

23

Ex. — discounted sumn of costs (1)

= We can use the above remarks relations only if the
change in the 1st year of the term did not come 1!

= Exercise:

« Count the amount of the costs in economic life time. Its
time behaviour is visible in the fallowing table (on next

page)
C,[mil. CZK] | 150,6 B=2% const.
T [year] 1-2 3-20 21-25

T,r=25year q =106
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Ex. — discounted sum of costs (2)

= Figure shows the above remarks exercise and change of
solved time terms

. CT term for
[mil. CZK] | / " calculation
i P nw Jeooomo A
1 1 1
20071 1 1
11 1 1
150 11 1 | termad
-1 I I setting
11 1 UL
FETP s -
! ! —— —+ —+ t ! :!
12 5 10 15 20 25 T [years]

Ex. — discounted sum of costs (3)
= Solving:
I°. term — only one year
C/=C, q*=150,6 105 1,06+ =142,1 105 CZK
II.term: B=1+p/100=1 + 0,02

T,=2T,=220 — T,=TyT;+1 = 20-2+1=19
G =Cy=C, = 150,6. 106 CZK

20 7, _ BT,

YcF =, g7 B g1 =

2 qrr (q _‘lBé 19 1 o 19

=150,6 106 . ——2— /7%
1,06(1,06 - 1,02)

=1841,7 - 105 CZK

1,062 =

26

Ex. — discounted sum of costs (4)

IIT " term:  const. = Cy,
T,=21,T,=25 — T,=T,T;+1 = 25-21+1=5
Cpy = Cyy = Cy. B(2T), = 150,6. 10°. 1,02 (202 =
=215,1. 10° CZK
& I _ - q -1
L O T e 1)
1,065 - 1
'1,065(1,06 -1)

-215,1-10¢ 1,06+ .

=282,5 105 CZK

Total costs:
20 25
C,, =C}+>CHF+YCHr=(142,1+1841,7 +

+282,5) 105 -3266,3 . 10¢ cZK
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